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Abstract In this paper we apply the concept of preference conjecture equilibrium
introduced in Perea (2005) to signaling games and show its relation to sequential
equilibrium. We introduce the concept of minimum revision equilibrium and show
how this can be interpreted as a refinement of sequential equilibrium.
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1 Introduction

In this paper we deal with the question how a receiver in a signaling game should
react if he observes an unexpected message. In the concept of sequential equilib-
rium (Kreps and Wilson 1982) this is dealt with by requiring that the receiver has
beliefs on information sets that are not reached in equilibrium and that he decides
optimally given these beliefs. However, in signaling games sequential equilibrium
does not put any further restrictions on these beliefs. In order to make the concept
more powerful, several refinements were introduced in literature, such as perfect
sequential equilibrium (Grossman and Perry 1986), the intuitive criterion (Cho and
Kreps 1987) and divine equilibrium (Banks and Sobel 1987). In all these refine-
ments the idea is that player 2, upon observing an unexpected message, makes
a distinction between “less plausible” and “more plausible” types, and attaches
positive probability only to the more plausible types. Throughout this reasoning
process the utility functions are assumed to be fixed, which implies that player 2
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does not revise his beliefs regarding player 1’s payoffs but only determines the
probabilities of the nodes in the current information set.

We will follow an alternative path, namely to insist on a player’s belief of having
arational opponent. This leads us to assume that player 2 has a conjecture about his
opponent’s utility function, which he may revise after observing player 1’s mes-
sage. This revision should be such that the observed message becomes optimal for
player 1. This way we define the new concept of preference conjecture equilibrium,
first formalized in Perea (2005). We show that for signaling games the predictions
made by this concept coincide with sequential equilibrium. Thus, our alternative
path can be seen as an alternative foundation for sequential equilibrium.

Next we impose the condition that the revisions should be as limited as pos-
sible, which means that the revised conjectures should be as close as possible to
the initial conjecture. This leads to the concept of minimum revision equilibrium, a
refinement of preference conjecture equilibrium — and hence of sequential equilib-
rium — that imposes further restrictions on the belief revisions based on the revision
index, a measure for the number of revisions required.

2 Preliminaries

For a finite set Q, A(Q) denotes the set of all probability distributions over Q, and
A°(Q) denotes the set of completely mixed probability distributions over Q.

Definition 2.1 A signaling game is a tuple S = (T, M, A, p, uy, up) where T, M
and A are finite sets, p is an element of A°(T), and u, and u, are functions from
T xMx AtoR

The game is played as follows. First Nature selects type ¢t € T of player 1 with
probability p(t) > 0. Next player 1, knowing his type, chooses a message m €
M. Then player 2, only knowing the probability distribution p, observes message
m and subsequently chooses an action a € A. Finally, player 1 receives payoff
ui(t, m, a) and player 2 receives uy(t, m, a).

2.1 Sequential equilibrium

A pure strategy for player 1 is a map s; from T to M that specifies a message
s1(t) for every type t. The set of pure strategies for player 1 is denoted by Sj.
A mixed strategy for player 1 is an element o in A(S}) and o;(s;) denotes the
probability that pure strategy s is played in ;. A pure strategy for player 2 is a
map s, from M to A that specifies an action s, (m) for every message m. The set
of pure strategies for player 2 is denoted by S,, a mixed strategy for player 2 is an
element o, in A(S,) and o, (s,) denotes the probability that s; is played in 0. A
system of beliefs of player 2 is a vector 8 := (8(m))epm. In this notation we have
B(m) := (B(t | m)),er for each message m, and B(¢ | m) is the probability player
2 attaches to player 1 being of type ¢ given that player 2 received message m.

A triple (o1, 02, B) is called an assessment. Such an assessment is called a
sequential equilibrium if the following three conditions are satisfied. The belief
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should be Bayesian consistent with o1,! meaning that for all ¢, and all m that are
sent with positive probability under o7,

Bt |y — PO 1D
Yver P o1(m | 1)
Here oy(m | t) := > o1(sy) is the probability that player 1 plays m when

51 ES] ZS]([)=m

he is of type ¢. Secondly, the expected utility

Ui(t,01,02) 1= ) Y a1(s1) - 0a(s2) - (2, 51(8), $2(51(1)))

S]ES] SzESz

for player 1 if his type is ¢, he plays o and player 2 plays o, should be maximal. In
other words, given the strategy o, of player 2, it should hold that U, (¢, o1, 03) >
U (¢, 11, 02) for all mixed strategies t; and all types ¢. In this case we say that o
is optimal with respect to o,. Thirdly, the expected payoff

Us(m, 09, B) := Y Y 0a(s2) - Bt | m) - ua(t, m, 55(m))

€S8, teT

for player 2 of playing o», if he observes message m and has belief 8, should be
maximal. Again, in other words, U, (m, 03, B) > U, (m, 15, B) for all mixed strat-
egies 7, and all messages m. We say that o, is optimal with respect to 8 in this
case.

Definition 2.2 The assessment (o, 03, B) is a sequential equilibrium if B is Bayes-

ian consistent with a1, o1 is optimal with respect to o, and o is optimal with respect
2

to B.

2.2 Preference conjecture equilibrium

The concept of preference conjecture equilibrium was introduced in Perea (2005)
for games in extensive form. In the present paper we study this concept for signaling
games.’ For a detailed discussion of this concept we refer to Perea (2005).

Let ;12 € A(S,) be the conjecture that player 1 has at the beginning of the
game about player 2’s choice of strategy and let u; : T x M x A — R be player
1’s conjecture about player 2’s utility function. Write c1» = (12, u;2) for the entire
conjecture of player 1. Since player 1 moves first and only once, he does not need
to revise his conjecture. Player 2 holds conjectures both at the start of the game
as well as at every information set m € M. Depending on the observed message,
player 2 may revise the conjecture held at the beginning. Denote the start of the
game by the symbol hy. We write S; (hg) := S}, and for m € M we write

S1(m) ;= {s1 € §; | there exists t € T with s;(t) = m}.

! In signaling games, Bayesian consistency is equivalent to consistency as defined in Kreps
and Wilson (1982).

2 In the literature this form of optimality is also called sequential rationality, see Kreps and
Wilson (1982).

3 InPerea (2005) the variant of preference conjecture equilibrium that we discuss here is called
weak ‘preference conjecture equilibrium’.
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Take an m € M* := M U {hg}. Let pup(m) € A(S;(m)) denote player 2’s con-
jecture at m about player 1’s strategy choice and let up;(m) : T x M x A — R
be player 2’s conjecture at m about player 1’s utility function. We write ¢p;(m) =

(H21(m), uz1 (m)).

Definition 2.3 The combination ¢ := (c12, (c21(m))mem) is called a conjecture
profile.

We introduce the optimality conditions a conjecture profile has to satisfy in
order to be a preference conjecture equilibrium. We start with the condition that
whenever possible player 2 revises his conjecture according to Bayes’ rule. A con-
jecture profile ¢ := (cy2, (c21(m))mem+) satisfies Bayesian updating if

w1 (ho)(s1)
51 €81 (m) w21 (ho)(sy)

21 (m)(sy) = 5

for all s; € S|(m), and all m € M for which the denominator is strictly positive.

In order to enable players to compute conjectured expected utilities for their
opponent, we make the (informal) assumption that conjectures are common belief.
In particular, we assume that player 2’s (undefined) conjecture about player 1’s
conjecture about player 2’s choice of strategy coincides with player 1’s conjecture
about player 2’s choice of strategy, and vice versa.

Given this assumption, consider an m € M*. The conjecture of player 2 at
m about player 1’s expected utility if player 1 has type ¢ and plays pure strategy
s1 must now be equal to U, (m)(t, 51, (t12), where Uy (m) is the expected payoff
function given payoff function u;;(m). A pure strategy s; of player 1 is optimal
with respect to 1, and uy; (m) if for each type ¢ and for all s; € S) it holds that

Ua1(m)(t, s1, 12) = Usi(m)(t, 57, i12).

The conjecture of player 1 regarding the expected utility of player 2 at information
setm € M (so m # ho) when he plays pure strategy s, is given by

Uin(m, par(m), 2) := Y p(@) D par(m)(s1) - uia(t, m, s5(m))

teT s1:81(t)=m

because the assumption of common belief of conjectures requires (51 (1) to be the
conjecture of player 1 regarding the conjecture of player 2. The pure strategy s, is
said to be optimal with respect to (o (m) and u; if for all 55 € S5 it holds that

Uir(m, o1 (m), s2) = Ura(m, pai(m), s3).

Definition 2.4 A conjecture profile c is a preference conjecture equilibrium if it
satisfies Bayesian updating, and moreover

1. for every m € M*, uy(m)(s;) > O implies that s, is optimal w.r.t. w1, and
us1(m)
2. foreverym € M, u12(sy) > O implies that s, is optimal w.r.t. 1y (m) and u1.

Observe that in this definition optimality on the part of player 2 is not required
at the start of the game. It is easy to verify that this is implied by the second part
of the definition in combination with Bayesian updating.
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3 Relation with sequential equilibrium

In this section we show that in a signaling game each preference conjecture equi-
librium induces in a natural way a sequential equilibrium and that conversely
each sequential equilibrium is induced this way by at least one preference conjec-
ture equilibrium. In particular this shows that a preference conjecture equilibrium
always exists. First we explain how a preference conjecture equilibrium induces a
sequential equilibrium. To this end, take a conjecture profile

¢ = (K12, 12, (U21(m), uz1 (M) mem=).
The assessment (o1, 07, B) is said to be induced by the conjecture profile c if
o1 = pai(ho) and oy = pr2 (1
and for all types ¢ and messages m,

Zsl:sl(t)zm p(t) * 421 (m)(sl)
ZI’GT lezsl(t’):m p(t/) * M2l (m)(s1) .

The denominator in the definition of g is automatically positive. The definitions in
(1) state that in the induced sequential equilibrium a player should actually play
what his opponent conjectures him to play. Given these choices, equality (2) simply
follows from Bayesian updating.

Bt |m) =

2

Theorem 3.1 Let S = (T, M, A, p, uy, uy) be a signaling game and let ¢ be a
preference conjecture equilibrium with uy (hg) = uy and u;p = uy. Then the
assessment induced by c is a sequential equilibrium in S.

Proof We first show that o is optimal with respect to 0,. Take atypet € T, a pure
strategy s; € S; with oy(s;) > 0 and an arbitrary strategy s; € S). It suffices to
show that

Ui(t, s1,02) > Ui (t, s}, 02).

To this end, notice that also ;1 (ho)(s1) > 0, because o1 = 1 (hg). So, because
c is a preference conjecture equilibrium, it follows that s, is optimal with respect
to w12 and uy; (h). In particular,

Uai (ho)(t, s1, 12) = Ui (ho)(t, 51, i12).

Withuy; (hg) = u; and oy = 111, thismeans exactly that U, (t, s1, 00) > U, (¢, Si, 05).

Next, we show that o, is optimal with respect to 8. Let m be a message, take
a pure strategy s, with o, (s2) > 0 and a pure strategy s5. Again it suffices to show
that

UZ(m7 52, /3) > U2(mv Sé’ ﬂ)

Since p12(s2) = 02(s2) > 0 and c is a preference conjecture equilibrium, we know
that s, is optimal w.r.t. ;o1 (m) and u 5. So, in particular

Uia(m, uai(m), s2) > Upp(m, fr21(m), s5).
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However, using the definition of (¢ | m), rearranging terms shows that

Una(m, por(m), s2) = | Y Y p(t') - par(m)(s1) | - Un(m, 2, B)

t’eT s1:51(t)=m

Ui (m, poi(m), s3) = Z Z p(t') - ua(m)(sy) | - Ua(m, 5, B)

t eT sy:51(t')=m

Hence, since the bracketed factor is always positive and the same for both s, and
55, we see that U, (m, 2, B) = Ux(m, 55, B).

Finally, we show that 8 is Bayesian consistent with o. Take a message m and
atype r. Assume that ), _; p(t)o1(m | ') > 0. We will show that

p()-o(m| 1)
> p)-oi(m |t

t'eT

Bt |m) =

By the above assumption also Zs’leSl(m) a1 (ho) (s = inesl(m) o1(sp) > 0.
Hence, using the fact that c satisfies Bayesian updating to get the second equality,

Zsl:s](t):m p(t) : /-'LZI(m)(Sl)

plim = ZI’ET Zsl:xl(t’):m p(t) - par(m)(sy)
 Ysism=m PO - 21 (ho)(s1)
C Yer Y ssity=m P@) - 21 (ho)(s1)
_ > sy (ty=m P@) - 01(s1) _ p(t) -oy(m | 1)
 Yer > sy (ty=m P@') - 01(s1) Y @) oi(m | 1)
which shows that 8 is Bayesian consistent with o. O

Conversely, for every sequential equilibrium there is a preference conjecture
equilibrium that induces this equilibrium as the next theorem states. Since we
prove a somewhat stronger result in the second part of Theorem 4.3, we postpone
the proof to the next section.

Theorem 3.2 Suppose that the assessment (o1, 03, B) is a sequential equilibrium
of a signaling game S = (T, M, A, p, uy, uz). Then there exists a preference
conjecture equilibrium (1o, U1z, (21 (M), uz1 (M) mem+) with uzy (hg) = uy and
U1y = uy that induces (o1, oz, B).

4 Minimum revision equilibrium

In a preference conjecture equilibrium player 2 can revise his conjecture about
the utilities and strategies of player 1. Intuitively, one would like to keep these
revisions as limited as possible. In this section we propose a way to measure this,
and we study the resulting refinement of preference conjecture equilibrium and the
associated refinement of sequential equilibrium.
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A (weak) ordering on a finite set E is a complete and transitive binary relation
on E. For an ordering R we denote by P and [ its asymmetric and symmetric parts,
respectively. For x, y € E, the expressions xRy, x Py, and x [y, are interpreted as
‘x is weakly preferred to y’, ‘x is strictly preferred to y’, and ‘x is equivalent to
y’. Let R and R’ be two orderings. Define

if x Py and not x P’y
if xIy and not xI'y
if yPx and not y P'x
otherwise.

dx,y) =

O = = =

Define the distance between R and R’ as

d(R,R) := % D> dx.y).

xeE yeE

Now consider a conjecture profile ¢ = (12, U2, (U21(m), uz1(M))mem+)- In this
profile the conjecture of player 2 in information set m regarding the expected utility
function of player 1’s type ¢ is given by

Uni(m)(t,m', i) o= Y paa(s2) - uan (m)(t, m', sy (m”)).

52652
The preference ordering R, on M for type ¢ is defined by, for all k,/ € M
kRl ifand only if Uy (m)(t, k, j12) > Ua(m)(t, 1, p12).

Now, the distance d(Rj, , R;,) between the orderings R;, and R}, counts the num-
ber of ‘utility changes’ player 2 makes for type ¢ of player 1 if he observes message
m. Based on this, we define the revision index of the conjecture profile ¢ by

d(c):= Y Y d(Rj . R}).

meM teT

By requiring that the revision index be as small as possible, we obtain the announced
refinement of preference conjecture equilibrium.

Definition 4.1 Let ¢ be a preference conjecture equilibrium with uyy = up and
uz1(hg) = uy. Then c is a minimum revision equilibrium if d(c) < d(c’) for all
preference conjecture equilibria ¢’ with u', = uy and u)y(ho) = u,.

Since a preference conjecture equilibrium always exists by Theorem 3.2, it
follows that a minimum revision equilibrium always exists.
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4.1 Relation with sequential equilibrium

Since any preference conjecture equilibrium induces a sequential equilibrium by
Theorem 3.1, the concept of minimum revision equilibrium can be used to obtain
a refinement of sequential equilibrium. This works as follows. The expected utility
for player 1 if his type is ¢, he chooses message m, and player 2 plays o is given
by

Ui(t,m,03) == Y 0a(s2) - 1 (1, m, 55(m)).

$2€S8>

Now, for a sequential equilibrium (o1, 03, B) of S, let R(o1, 03, B) denote the set
of triples (z,m, m’) in T x M x M for which 8(t | m) > 0 and U,(¢t, m, 02) <
Ui(t,m', 02).

Definition 4.2 The revision index of (01, 02, B) is defined as the number |R (o1, 02,
B)| of elements of the set R(oy, 02, B). It is denoted by r (o1, 03, B).

If (¢, m, m’) is in R(o71, 03, B), player 2 believes that type ¢ has positive proba-
bility although the observed message m is inferior to m' for z. If player 2 believes
that player 1 is rational he should make some ‘revision’ in order to rationalize this.
This explains the term ‘revision index’ in Definition 4.2. The following theorem
justifies the use of this particular expression.

Theorem 4.3 LetS = (T, M, A, p, uy, u;) be asignaling game and let (o1, 02, )
be a sequential equilibrium in S. If a preference conjecture equilibrium ¢ with
U1y = up and uyi(hg) = u; induces (o1, 03, B), then d(c) > r(oy, 02, B). More-
over, there is a preference conjecture equilibrium c with u1y = u, uy;(hg) = u,
and d(c) = r(o1, 03, B) that induces (o, 02, B).

Proof (a)Letc be apreference conjecture equilibrium with 1, = u, and uy; (hg) =
uy which induces (o7, 03, B). Take an element (¢, m, m’) in R(o1, 02, B). It suffices
to show that m R}, m" and m' P m because this implies that

d(c)y=Y_ Y d(R},R,) > |R(01,02, B)l = (o1, 02, ).
meM teT

In order to show that mR! m’, note that 8(¢r | m) > 0 because (¢, m,m’) is an
element of R(o1, 02, B). So, by (2), there exists an s; € S; such that s;(t) = m and
uo1(m)(sy) > 0. Since c is a preference conjecture equilibrium, this implies that

Up 1 (m)(t, m, p12) = Up(m) (¢, m', j12)

and hence R,’n orders m weakly above m’. On the other hand, U, (¢, m, 03) <
U(t, m', 07) since (¢, m, m’) is an element of R (o1, 02, B). This is equivalent to

Usi(ho)(t, m, 1) < Uai(ho)(t, m', 12)

and hence R}, orders m strictly below m'.
(b) Let (01, 02, B) be a sequential equilibrium. We define the conjecture profile

C* = (MTZ# I/l>1k2, (M;[ (m)s u;] (m))meM*)
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as follows. For player 1 we define u}, := o, and u7, := u,. For player 2, we take
w3 (ho) := o1 and u3, (ho) = u, at the start of the game. For any other m € M
we define u3, (m) by

max u1(t,m’,a) +1 if 1 = m and moreover there exists an
meM

us (m)(t,1,a) == m'eM with (1, m, m')eR (o1, 02, B)
ui(t, 1, a) else.

In the definition of w3, (m) we distinguish two cases.

Case 1 Suppose there exists an s; € S;(m) such that o|(s;) > 0. Then we define
w3, (m) for each sy € S (m) by

“;l(m)(sl) = Z o1(s1)

-
s1€81(m) o1 (Sl)

Case 2 Suppose that o1(s1) = 0 for all s; € S;(m). Take a pure strategy s; with

o1(sy) > 0. Then sy (¢) # m for each ¢. Define for type t € T the pure strategy
t,m

sy by

ift! =t
LIy m 1
s () st ift #t.

Clearly, all strategies s;™ are elements of S;(m) and s} # si”m whenever t # t'.
Thus we can define for each pure strategy s; € Sy (m)

B(tim) ifSl — Sl,m
par(m)(sy) =4 7@ L
0 if s # 57"
Next, define u3, (m) by
M1 (m) (s1)

W51 (m)(s1) := Zs;eSl(m) M1 (m)(s})

for all pure strategies s; € S;(m). The denominator is not equal to zero, because
there is at least one type ¢ with 8(¢ | m) > 0, and for this type w; (m)(si’m) >0
while indeed s*™ € S| (m).

We show that c¢* is a preference conjecture equilibrium with d(c¢*) = r (o1, 02, B)
that induces (o, 03, B). First we show that ¢* induces (o7, 02, ). We only have to
prove (2). Lett € T and m € M. In Case 1,

p)-oi(m|1) D yem P@) - 13, (m) (51)

puim = Yver PA) 0 G [ 1) ey D y=m P - 13 (m) (1)’

where the first equality follows from Bayesian consistency of g with o and the
second one from the definitions of oy (m | t) and u3, (m). In Case 2,
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. Baimy D s ty=m P@) - a1 (m)(s1)
Y BE M) Y Y ssiy=m P - 21 (m)(s1)
L Ym=m PO 13 (m)(s1)
T Y rer Ly P - 113 (m)(s1)

so also in this case (2) holds. Hence, ¢ induces (o1, 03, ).

Next we show that d(¢*) = r(o1,07, 8). Lett € T and m € M. If there is
no m’ with (¢, m, m’) € R(oy, 02, B), then u3,(m) = u; = u3,(ho) and therefore
d(Rﬁm, R!) = 0. Otherwise, consider an m’ € M with (t,m, m’) € R(oy, 02, B).
Then, by definition of R(oy, 02, B), we have B(t | m) > 0 and U (¢, m, 0y) <
U,(t, m', 03). Hence

> wh(s2)us, (ho) (2, m, s20m)) < Y iy (s2)u3, (ho) (2, m', s5(m"))

$2E€8, €S

B(t | m)

and R,’m orders m strictly below m’. However, notice that in this case

w3y (m)(t,m, @) i= max ui(t,m", a) + 1

and u3,(m)(t,m’,a) = u,(t,m’, a) for all a € A. Hence, R! orders m strictly
above m’ and it orders any two messages different from m in the same way as R,’m.
Thus, since B(¢ | m) > 0 in this case, we obtain:

d(R; . R)) = |{m" € M | Ui(t,m,02) < Ui(t,m’, 0n)}].

Summing up over all messages m and all types #, and using the fact that
d (R’O, R!) = 0 whenever 8(r | m) = 0 to get the last equality, yields

reno, )= Y. |[im e MUt m 00 < Ui(t,m', 02)}]
(t,m):B(tlm)>0
= > dR}.R,)=d(.
(t,m):B(tm)>0
Finally we show that ¢* is a preference conjecture equilibrium. First note that
w3 (hg) = o01. So, for m € M such that Zs;esl ) %21 (ho)(s1) > 0, the conjecture
w3, (m) is defined by Case 1, and hence c* satisfies Bayesian updating.
Secondly, we show part 2 of Definition 2.4. Take an m € M and an s, € S,
with u},(s2) > 0. Since 02 (s2) = uj,(s2) > 0, optimality of o, with respect to
implies that U, (m, s2, B) > Ux(m, s5, B) for all 55 € S,. Hence, using the equality

Us(m, 5, ) = D Bt | m) - us(t, m, s2(m)),

teT

together with (2) and u7, = u,, we see for all s; € S, that

Uy(m, pu3,(m), $2) = Y p(t) Y p3,(m)(s1) - ufy(t, m, 520m))

teT s1:81(t)=m
=Y p) D m)(sy) - uly(t. m, s5(m))
teT s1:81(t)=m

= Ul*z(mv M;l (m)v Sé)

Hence, s, is optimal for player 2 with respect to u5, (m) and u7j,.
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Thirdly we show part 1 of Definition 2.4. Let s; € S;. If u3,(ho)(s;) > O then
o1(s1) > 0, so optimality of o; with respect to o, yields that s; is optimal with
respect to o, in the game S. Hence s, is optimal with respect to uj, = o, and
M;l (h()) =up.

Take an m € M and assume that 3, (m)(s;) > 0. We will show that s; is
optimal for player 1 with respect to u}, and u3, (m).

First consider Case 1 in the definition of u3,(m). Cleatly o(s;) > 0 in this
case. So, 51 is optimal with respect to o» and u;. Since i}, := 05, it remains to show
that u3, (m) = u,. Since we are in Case 1, there is an 5| € S;(m) with o, (s;) > 0.
Thus, m is played with positive probability under o;. Then the optimality of o,
with respect to o, implies that

{(t,m') eTxM|B(t|m)>0and U (t,m,0,) < U(t,m’, 02)}

is empty. So, there is no (¢, m’) such that (¢,m, m’) € R(oy, 02, 8). Hence,
uy (m) =uy.

Next consider Case 2. So, o1 (s7) = Oforalls; € S;(m). Since 3, (m)(s;) > 0,
in this case s; = s{’m for aunique t € T. So, B(¢ | m) > O for this ¢, by definition
of u3,(m), po1(m) and si’m. We distinguish two subcases.

First, suppose that message m is not optimal for ¢ with respect to o, and u.
Then there exists an m’ € M such that U (¢, m, 02) < U;(t, m’, 03), and therefore
(t, m, m’) is an element of R(oy, 02, B). So, by definition,

uy (m)(t, m,a) = max u; (7, m',a) +1>u(t,m',a) =u5 (m)(t,m', a)
m'e

for all a and m’ # m. Thus, s1(t) = s{’m(t) = m is optimal for type ¢ w.r.t u3, (m),
even regardless of what u}, is. Next, consider any other #' # . By the choice of
s¥(#') in the definition of s, message s1(¢') = s (¢') = s}(t') is optimal for '
w.r.t. op and u;. Since 1’ # t, we have u%, (m) = u;, and 5 (') is also optimal w.r.t.
Wi, and u3, (m).

Secondly, suppose that m is optimal for ¢ with respect to o, and u;. Then
there exists no m' such that (¢, m, m’) € R(o1, 02, B). Hence, u%,(m) = u,, and
s1() = si’m (t) = misoptimal w.r.t. u}, and u%, (m). The argument for types t' # ¢
is identical to the previous case. O

We conclude with a few direct consequences of Theorem 4.3. A sequential
equilibrium (o7, 03, B) in a signaling game S = (T, M, A, p, uy, u;) is called a
minimum revision sequential equilibrium if it minimizes the revision index among
all sequential equilibria of the game.

Corollary 4.4 Ifcis aminimum revision equilibriumin S, then the induced sequen-
tial equilibrium is a minimum revision sequential equilibrium. Conversely, for every
minimum revision sequential equilibrium (o, 02, 3) there exists a minimum revi-
sion equilibrium c with uy(hg) = u and u1, = u, that induces (o1, 0z, ).

Further, when under o each information set of player 2 is reached with positive
probability, R(oy, 02, ) will be empty and (o, 03, B) iS a minimum revision
sequential equilibrium with revision index 0. Finally, it can be shown in exam-
ples that minimum revision sequential equilibrium has no logical relation to the
intuitive criterion.
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