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Abstract

In this paper we focus on stochastic games with finitely many states and actions. For this
setting we study the epistemic concept of common belief in future rationality, which is based
on the condition that players always believe that their opponents will choose rationally in
the future. We distinguish two different versions of the concept — one for the discounted case
with a fixed discount factor d, and one for the case of uniform optimality, where optimality
is required for “all discount factors close enough to 1”.

We show that both versions of common belief in future rationality are always possible in
every stochastic game. That is, for both versions we can always find belief hierarchies that
express common belief in future rationality. We also provide an epistemic characterization
of subgame perfect equilibrium for 2-player stochastic games, showing that it is equivalent
to common belief in future rationality together with mutual belief in Bayesian updating and
some “correct beliefs assumption”.
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1 Introduction

The literature on stochastic games is massive, and has concentrated mostly on the question
whether Nash equilibria, subgame perfect equilibria, or other types of equilibria exist in such
games. To the best of our knowledge, this paper is the first to analyze stochastic games from
an epistemic point of view.

A distinctive feature of an equilibrium approach to games is the assumption that every player
believes that the opponents are correct about his beliefs (see Brandenburger and Dekel (1987,
1989), Tan and Werlang (1988), Aumann and Brandenburger (1995), Asheim (2006) and Perea
(2007)). The main idea of this paper is to analyze stochastic games without imposing the correct
beliefs assumption, while at the same time preserving the spirit of subgame perfection. This
leads to a concept called common belief in future rationality — an extension of the corresponding
concept by Perea (2014) which has been defined for dynamic games of finite duration. Very
similar concepts have been introduced in Baltag, Smets and Zvesper (2009) and Penta (2015).

Common belief in future rationality states that, after every history, the players continue to
believe that their opponents will choose rationally in the future, that they believe that their
opponents believe that their opponents will choose rationally in the future, and so on, ad infini-
tum. The crucial feature that common belief in future rationality has in common with subgame
perfect equilibria is that the players uphold the belief that the opponents will be rational in the
future, even if this belief has been violated in the past. What distinguishes common belief in
future rationality from subgame perfect equilibrium is that the former allows the players to have
erroneous beliefs about their opponents, while the latter incorporates the condition of correct
beliefs in the sense that we make precise.

We introduce our solution concept using the language of epistemic models with types, fol-
lowing Harsanyi (1967-1968). An epistemic model specifies, for each player, the set of possible
types, and for each type and each history of the game, a probability distribution over the op-
ponents’ strategy—type combinations. An epistemic model succinctly describes the entire belief
hierarchy after each history of the game. This model is essentially the same as the epistemic
models used by Ben-Porath (1997), Battigalli and Siniscalchi (1999, 2002) and Perea (2012,
2014) to encode conditional belief hierarchies in finite dynamic games.

For a given discount factor d, we say that a type in the epistemic model believes in the
opponents’ future d—rationality if, at every history, it assigns probability 1 to the set of oppo-
nents’ strategy—type combinations where the strategy is optimal for the type’s beliefs, given the
discount factor §, at every future history. We say that the type believes in the opponents’ future
uniform rationality if it assigns probability 1 to the set of opponents’ strategy—type combina-
tions where the strategy is uniformly optimal — that is, optimal for all § close to 1 — for the
type’s beliefs at every future history. Common belief in future J-rationality requires that the
type not only believes in the opponents’ future d-rationality, but also believes, throughout the
game, that his opponents always believe in their opponents’ future d-rationality, and so on, ad
infinitum. Similarly, we can define common belief in future uniform rationality.



In this paper we show that common belief in future rationality is always possible in a sto-
chastic game with finitely many states. More precisely, we prove in Theorem 5.1 that for every
discount factor & < 1, we can always construct an epistemic model in which all types express
common belief in future é-rationality. A similar result holds for the uniform optimality case —
see Theorem 5.2.

A second objective of this paper is to relate common belief in future rationality in stochastic
games to the well-known concept of subgame perfect equilibrium (Selten (1965)). In Theorems 6.1
and 6.2 we provide an epistemic characterization of subgame perfect equilibrium for 2—player
stochastic games. We show that a behavioral strategy profile (o1,092) is a subgame perfect
equilibrium, if and only if, there is an epistemic model and a type t; for player 1 such that (a)
t1 expresses common belief in future rationality, (b) t; believes at every history that player 2
will play oo in the future, and believes that player 2 believes, after every history, that player 1
will play o7 in the future, (c) ¢; satisfies Bayesian updating, and believes that player 2 satisfies
Bayesian updating, and (d) ¢; believes that player 2 is correct about 1’s beliefs, and believes
that 2 believes that 1 is correct about 2’s beliefs.

Item (d) expresses the correct beliefs assumption mentioned at the beginning of this intro-
duction, stating that player 1 believes that player 2 is correct about 1’s beliefs, and that player
1 believes that player 2 believes that player 1 is correct about 2’s beliefs. This is the main
condition that separates subgame perfect equilibrium from common belief in future rationality,
at least for the case of two players. Our characterization result is analogous to the epistemic
characterizations of Nash equilibrium as presented in Brandenburger and Dekel (1987, 1989),
Tan and Werlang (1988), Aumann and Brandenburger (1995), Asheim (2006) and Perea (2007).

The equilibrium counterpart of common belief in future uniform rationality is the concept
we term uniform subgame perfect equilibrium. A uniform subgame perfect equilibrium is a
strategy profile that is a subgame perfect perfect equilibrium under a discounted evaluation for
all sufficiently high values of the discount factor. Uniform subgame perfect equilibria may fail to
exist in some of the stochastic games considered in this paper. Indeed, every uniform subgame
perfect equilibrium is also a subgame perfect equilibrium under the limiting average reward. It
is well-known that subgame perfect equilibria, and in fact even Nash equilibria, may fail to exist
in stochastic games under the limiting average reward criterion. We examine in some detail
two examples that admit no uniform subgame perfect equilibria: the Big Match (Gillette, 1957)
and the quitting game in Solan and Vieille (2003). Our existence result in Theorems 5.1 and
5.2, which guarantee that common belief in future rationality is always possible in a stochastic
game — even for the uniform optimality case — do not rely on any form of equilibrium existence.
Instead, we explicitly construct an epistemic model where each type exhibits common belief in
future (6- or uniform) rationality.

Epistemic game theory has been developed largely within the realm of finite games, i.e. games
with finitely many stages. One notable exception is Battigalli (2003), who considers games with
infinite duration and focuses on the concepts of weak and strong A-rationalizability. Some
important differences between Battigalli’s approach and ours are that (a) Battigalli considers



games with incomplete information, whereas we stick to the case of complete information, (b)
Battigalli considers exogenous restrictions on the players’ first-order beliefs, whereas we do not,
and (c) Battigalli’s concepts of weak and strong A-rationalizability are both different from
common belief in future rationality.

More precisely, weak A-rationalizability states that players choose rationally after every
history, given their conditional beliefs, and that this event is commonly believed at the beginning
of the game (but not necessarily when the game is under way). It may be viewed as an extension
of Ben-Porath’s (1997) concept of common certainty of rationality at the beginning of the game
— which has been defined for finite dynamic games with perfect and complete information — to
Battigalli’s framework of infinite dynamic games with incomplete information and exogenous
restrictions on first-order beliefs. Strong A-rationalizability is a forward induction concept
which requires a player to believe, whenever possible, that all opponents are choosing optimal
strategies. It is a generalization of Battigalli and Siniscalchi’s (2002) notion of common strong
belief in rationality — which has been defined for finite dynamic games with complete information
— to Battigalli’s (2003) setting. In contrast, the notion of common belief in future rationality we
use is a backward induction concept, as it requires players to only reason about the opponents’
future moves, not about their past moves as in strong A-rationalizability. If we apply weak
and strong A-rationalizability to our setting of stochastic games with complete information and
no exogenous restrictions on the first-order beliefs, then both strong A-rationalizability and
common belief in future rationality are refinements of weak A-rationalizability, whereas there is
no logical relationship — in terms of induced strategy choices — between the concepts of strong A-
rationalizability and common belief in future rationality. Indeed, even in finite dynamic games
the concepts of common strong belief in rationality (which in such games is equivalent to strong
A-rationalizability) and common belief in future rationality may induce different sets of strategy
choices for a player (see, for instance, Perea (2010, 2014)).

The paper is structured as follows. In Section 2 we provide a preliminary discussion of the
concept of common belief in future rationality, and its relation to subgame perfect equilibrium,
by means of two examples: the Big Match (Gillette, 1957) and a quitting game (Solan and Vieille,
2003). In Section 3 we introduce Markov decision problems and stochastic games. In Section 4
we introduce epistemic models and define the concept of common belief in future rationality. In
Section 5 we prove that common belief in future J- (and uniform) rationality is always possible
in a stochastic game, whereas in Section 6 we present our epistemic characterization of subgame
perfect equilibrium. All proofs are collected in Section 7.

2 Two Examples

Before presenting our formal model and definitions, we will illustrate the concept of common
belief in future rationality, and its relation to subgame perfect equilibrium, by means of two
well-known examples in the literature on stochastic games: the Big Match by Gillette (1957)
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Figure 1: The Big Match

and a quitting game by Solan and Vieille (2003). Both games have been originally considered
under the limiting average reward criterion. The Big Match has no Nash equilibrium, and hence
no subgame perfect equilibrium, under this criterion. The quitting game of Solan and Vieille
(2003), on the other hand, does have a Nash equilibrium but not a subgame perfect equilibrium
under this criterion.

In dynamic games of finite duration, subgame perfect equilibrium can be viewed as the
equilibrium analogue to common belief in future rationality. Similarly, within stocahstic games,
uniform subgame perfect equilibrium is the equilibrium counterpart to common belief in future
uniform rationality. Uniform subgame perfect equilibrium is defined as a strategy profile that
is a subgame perfect equilibrium for all sufficiently high values of the discount factor. As
uniform optimality implies optimality under the limiting average reward criterion, each uniform
subgame perfect equilibrium is also a subgame perfect equilibrium under the limiting average
reward criterion. Thus neither the Big Match by Gillette (1957) nor the quitting game by Solan
and Vieille (2003) admit a uniform subgame perfect equilibrium. Nevertheless, we will show
that for both games we can construct belief hierarchies that express common belief in future
rationality with respect to the uniform optimality criterion.

Example 1. The Big Match.

The Big Match, introduced by Gillette (1957), has become a real classic in the literature on
stochastic games. It is a two-player zero-sum game with three states, two of which are absorbing.
Here, by “absorbing” we mean that if the game reaches this state, it will never leave this state
thereafter. In state 1 each player has only one action, and the instantaneous utilities are (1, —1).
From state 1 the transition to state 1 occurs with probability 1, so state 1 is absorbing. In state
2 each player has only one action, and the instantaneous utilities are (0,0). From state 2 the
transition to state 2 occurs with probability 1, so also state 2 is absorbing. In state 0 player 1
can play C (continue) or S (stop), while player 2 can play L (left) or R (right), the instantaneous
utilities being given by the table in Figure 1. After actions (C, L) or (C, R), the transition to
state 0 occurs, after (S, L) transition to state 1 occurs, while after (S, R) transition to state 2
occurs. So, the * in the table above represents a situation where the game enters an absorbing
state.

It is well-known that for the limiting average reward case — and hence also for the uniform
optimality case — there is no subgame perfect equilibrium, nor a Nash equilibrium, in this game.



Blackwell and Ferguson (1968) have shown, however, how to construct an e-(subgame perfect)
equilibrium for the limiting average reward case for every € > 0.

Consider now the belief hierarchy for player 1 in which

(a) player 1 always believes that player 2 will always choose L at state 0 in the future,

(b) player 1 always believes that player 2 always believes that player 1 will always choose C
at state 0 in the future,

(c) player 1 always believes that player 2 always believes that player 1 always believes that
player 2 will always choose R at state 0 in the future,

(d) player 1 always believes that player 2 always believes that player 1 always believes that
player 2 always believes that player 1 will choose S at state 0 in the future,

(e) player 1 always believes that player 2 always believes that player 1 always believes that
player 2 always believes that player 1 always believes that player 2 will always choose L at state
0 in the future,

and so on.

Then, it can be verified that player 1 always believes that player 2 will choose rationally
in the future, that player 1 always believes that player 2 always believes that player 1 will
always choose rationally in the future, and so on. Here, rationality is taken with respect to
the uniform optimality criterion. That is, the belief hierarchy above expresses common belief
in future rationality with respect to the uniform optimality criterion. In a similar way, we can
construct a belief hierarchy for player 2 that expresses common belief in future rationality with
respect to the uniform optimality criterion.

Note, however, that in player 1’s belief hierarchy above, player 1 believes that player 2 is
wrong about his actual beliefs: on the one hand, player 1 believes that player 2 will always
choose L in the future, but at the same time player 1 believes that player 2 believes that player
1 believes that player 2 will always choose R in the future. This is something that can never
happen in a subgame perfect equilibrium: there, players are always assumed to believe that the
opponent is correct about the actual beliefs they hold. We will see in Section 6 of this paper
that this correct beliefs assumption is essentially what separates the concept of common belief
in future rationality from subgame perfect equilibrium.

Example 2. A quitting game.

We next consider a quitting game that has been introduced by Solan and Vieille (2003). It
is a two-player stochastic game with four states, denoted 1, 2, 1*, and 2*. The states 1* and 2*
are absorbing, and the players have only one action in both of these states. In state z € {1,2}
player z can choose actions S or C' (stop or continue), and the other player has only one action.
If player x plays S, the game moves to state x*, while if he plays C, the game moves to the
state 3 — xz. The instantaneous utilities in state 1* are (—1,2), in state 2* they are (—2,1), and
in states 1 and 2 they are (0,0). See Figure 2. Also for this game, subgame perfect equilibria
fail to exist if we use the uniform optimality criterion.
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Figure 2: Quitting game

However, we can construct belief hierarchies for both players that express common belief in
future rationality with respect to the uniform optimality criterion. Consider, for instance, the
belief hierarchy for player 1 where

(a) player 1 always believes that player 2 will always choose C' in the future,

(b) player 1 always believes that player 2 always believes that player 1 will choose S in the
future,

(c) player 1 always believes that player 2 always believes that player 1 always believes that
player 2 will choose S in the future,

(d) player 1 always believes that player 2 always believes that player 1 always believes that
player 2 always believes that player 1 will always choose C' in the future,

(e) player 1 always believes that player 2 always believes that player 1 always believes that
player 2 always believes that player 1 always believes that player 2 will always choose C' in the
future,

and so on.

Then, similarly as in the previous example, it may be verified that this belief hierarchy
expresses common belief in future rationality with respect to the uniform optimality criterion.
In the same fashion, we can also construct a belief hierarchy for player 2 that expresses common
belief in future rationality.

Notice that, similarly to the previous example, the belief hierarchy for player 1 is such that
player 1 believes that player 2 is wrong about player 1’s actual beliefs, and hence this belief
hierarchy violates the correct beliefs assumption that underlies subgame perfect equilibrium.

3 Model

In this section we first introduce (one person) Markov decision problems, and subsequently show
how stochastic games can be defined as a multi-person generalization of it.

3.1 Markov Decision Problems

A finite Markov decision problem consists of (1) a finite, non-empty set of states X, (2) a finite,
non-empty set of actions A(z) for every state x € X, (3) an instantaneous utility u(z,a) for



every state x € X and action a € A(z), and (4) a transition probability p(y|z,a) € [0,1] for
every two states x,y € X and every action a € A(x). Here, the transition probabilities should

be such that
> plylr,a) =1
yeX

for every x € X and every a € A(z).

Suppose we start at some fixed state 2! € X. Then, the decision maker chooses at period
1 some action a' € A(z!), which moves the system to some new state 2> € X at period 2,
according to the transition probabilities p(y|x!, a'). If the system is at state 2 in period 2, then
the decision maker chooses some action a? € A(x?) at period 2, which moves the system to some
new state 2% € X at period 3, according to the transition probabilities p(y|z2, a?), and so on.

A history of length k is a sequence h = ((z',a'), ..., (zF~1, a*~1), 2*), where (1) 2™ € X for
all m € {1,...,k}, (2) a™ € A(2™) for all m € {1,...,k — 1}, and where (3) for every period
m € {2,...,k} the state ™ can be reached with positive probability given that at period m — 1
state 21 and action a™~! € A(z™ ') have been realized. By z(h) := z* we denote the last
state that occurs in history h. Let H* denote the set of all possible histories of length k. Let
H := UpenH” be the set of all (finite) histories.

A strategy s is a function that assigns to every history h € H some action s(h) € A(xz(h)). The
strategy s is called stationary if s(h) = s(h') for every two histories h, h' € H with z(h) = x(h').
Hence, the prescribed action only depends on the state reached, not on the specific period or
history. In that case, we may write s = (s(x))zex-

Consider a strategy s, a history h € H* and a history h/ € H™ with m > k. Then we denote
by p(h'|h, s) the probability that history h’ will be realized, conditional on the event that h has
been realized and that the decision maker chooses according to s. By

U™(h,s):= Y p(h|h,s) u(z(h),s(h))
neH™

we denote the expected utility achieved at period m by the decision maker, conditional on the
event that history h has been realized and that the decision maker uses strategy s.
For a given discount factor ¢ € (0, 1), we denote by

US(h,s):= Y _ 6™U™(h,s)
m>k
the discounted expected wutility for the decision maker. We say that a strategy s is d-optimal if
U’ (h,s) = U (h,s')

for all histories h € H and all strategies s'. )
The strategy s is said to be uniformly optimal if there is some 0 € (0,1) such that s is
d-optimal for all § € [9,1). Every strategy which is uniformly optimal is also optimal under the



limiting average reward criterion, which is also often used in Markov decision problems. This
result can be found, for instance, in Filar and Vrieze (1997), Theorem 2.8.3.

The following classical results state that for every finite Markov decision problem, we can
always find a stationary strategy that is optimal — both for the J-discounted and the uniform
optimality case.

Theorem 3.1 (Optimal strategies in Markov decision problems) Consider a finite Markov
decision problem.

(a) For every 6 € (0, 1), there is a d-optimal strategy which is stationary.

(b) There is a uniformly optimal strategy which is stationary.

Part (a) follows from Shapley (1953) and has later been shown in Howard (1960), but Black-
well (1962) provides a simpler proof. The proof for part (b) can be found in Blackwell (1962).

3.2 Stochastic Games

A finite stochastic game T' consists of the following ingredients: (1) a finite set of players I,
(2) a finite, non-empty set of states X, (3) for every state  and player i € I, there is a finite,
non-empty set of actions A;(x), (4) for every state x and every profile of actions a in x;crA;(x),
there is an instantaneous utility w;(x,a) for every player 4, and (5) a transition probability
p(ylx,a) € [0, 1] for every two states z,y € X and every action profile a in x;crA;(x). Here, the
transition probabilities should be such that

Z p(y|$7 CL) =1

yeX

for every x € X and every action profile a in x;crA;(x).

At every state xz, we write A(x) := X;erA;(x). A history of length k is a sequence h =
((z',al), ..., (@F1 ak=1), o), where (1) 2™ € X for all m € {1,....k}, (2) a™ € A(z™) for all
m € {1,...,k—1}, and where (3) for every period m € {2, ..., k} the state " can be reached with
positive probability given that at period m — 1 state ™! and action profile a™~! € A(z™ 1)
have been realized. By z(h) := z* we denote the last state that occurs in history h. Let H*
denote the set of all possible histories of length k. Let H := UgenHF be the set of all (finite)
histories.

A strategy for player ¢ is a function s; that assigns to every history h € H some action
si(h) € Ai(z(h)). By S; we denote the set of all strategies for player i. Note that the set
S; of strategies is typically uncountably infinite. We say that the strategy s; is stationary if
si(h) = s;(h') for all h,h' € H with z(h) = x(h'). So, the prescribed action only depends on
the state, and not on the specific history. A stationary strategy can thus be summarized as
s;i = (8i(7))zex-



During the game, players always observe what their opponents have done in the past, but
face uncertainty about what the opponents will do now and in the future, and also about
what these opponents would have done at histories that are no longer possible. That is, after
every history h all players know that their opponents have chosen a combination of strate-
gies that could have resulted in this particular history h. To model this precisely, consider
a history h* = ((z%,ab),..., (@*"1, a*"1),2*) of length k. For every m € {1,..,k — 1} let
h™ = ((x',al), ..., (@™, a™ 1), 2™)) be the induced history of length m. For every player i, we
denote by S;(h) the set of strategies s; € S; such that s;(h™) = a]" for every m € {1, ...,k — 1}.
Here, a!" is the action of player ¢ in the action profile a™ € A(z™). Hence, Si(h) contains
precisely those strategies for player ¢ that are compatible with the history h.

So, after every history h, every player ¢ knows that each of his opponents j is implementing
a strategy from Sj(h), without knowing precisely which one. This uncertainty can be modelled
by conditional belief vectors. Formally, a conditional belief vector b; for player i specifies for
every history h € H some probability distribution b;(h) € A(S_;(h)). Here, S_;(h) := x;£;S;(h)
denotes the set of opponents’ strategy combinations that are compatible with the history A, and
A(S_;(h)) is the set of probability distributions on S_;(h).

To define the space A(S_;(h)) formally we must first specify a o-algebra ¥_;(h) on S_;(h),
since S_;(h) is typically an uncountably infinite set. Let h € H* be a history of length k. For a
given player j, strategy s; € S;(h), and m > k, let [s;],, be the set of strategies that coincide
with s; at all histories of length at most m. As m > k, every strategy in [s;],, must in particular
coincide with s; at all histories that precede h, and hence every strategy in [s;],, will be in S;(h)
as well. Let X;(h) be the o-algebra on S;(h) generated by the sets [s;]mn, with s; € Sj(h) and
m > k.! By ¥_;(h) we denote the product o-algebra generated by the o-algebras ¥;(h) with
j # 4. Hence, ¥_;(h) is a o-algebra on S_;(h), and this is precisely the o-algebra we will use.
So, when we say A(S_;(h)) we mean the set of probability distributions on S_;(h) with respect
to this specific o-algebra X_;(h).

Suppose that the game has reached history h € H*. Consider for every player i some strategy
s; € Si(h) which is compatible with the history h. Let s = (s;);er. Then, for every m > k, and
every history ' € H™, we denote by p(h'|h, s) the probability that history h' € H™ will be
realized, conditional on the event that the game has reached history h € H* and the players
choose according to s. The corresponding expected utility for player ¢ at period m > k would
be given by

UM (hys) =Y p(W|h,s) wilz(h),s(h),
h'eH™

where s(h') € A(xz(h')) is the combination of actions chosen by the players at state xz(h') after
history ', if they choose according to the strategy profile s. The expected discounted utility for

! This is arguably the most natural o—algebra on the set of strategies.
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player ¢« would be
UP(h,s) =Y 6™U" (D, 5).
m>k
Suppose now that player ¢, after history h, holds the conditional belief b;(h) € A(S_;(h)).

Then, the expected discounted utility of choosing strategy s; € S;(h) after history h, under the
belief b;(h), is given by

US (h, 51, bi(h)) = / US(h, (s5,5_5)) dbs(h).
S

The strategy s; is d-optimal under the conditional belief vector b; if
Ui(s(hv Sis bl(h)) > Uz(s(hv 5;¢ bl(h))

for every history h € H and every strategy s; € S;(h).

The strategy s; is said to be uniformly optimal under b; if there is some § € (0,1) such that
s; is 6-optimal under b; for every § € [6,1). Note that every strategy s; which is uniformly
optimal under the conditional belief vector b;, will also be optimal under b; with respect to the
limiting average reward criterion — an optimality criterion which is widely used in the literature
on stochastic games. This result follows from Theorem 2.8.3 in Filar and Vrieze (1997).

4 Common Belief in Future Rationality

In this section we define the central notion in this paper — common belief in future rationality. In
words, the concept states that a player always believes, after every history, that his opponents
will choose rationally in the future, that his opponents always believe that their opponents will
choose rationally in the future, and so on. Before we define this concept formally, we first
introduce epistemic models with types & la Harsanyi (1967-1968) as a possible way to encode
belief hierarchies.

4.1 Epistemic Model

We do not only wish to model the beliefs of players about the opponents’ strategy choices, but
also the beliefs about the opponents’ beliefs about the other players’ strategy choices, and so
on. One way to do so is by means of an epistemic model with types a la Harsanyi (1967-1968).

Definition 4.1 (Epistemic model) Consider a finite stochastic game I'. A finite epistemic
model for T is a tuple M = (T}, 3;)ier where

(a) T; is a finite set of types for player i, and
(b) B; is a mapping that assigns to every typet; € T;, and every history h € H, some conditional
beliefﬁi(ti, h) € A(S_Z(h) X T_i).

11



Here, the o-algebra on S_;(h) x T_; that we use is the product o-algebra generated by the o-
algebra X_;(h) on S_;(h), and the discrete o-algebra on the finite set 7_;, containing all subsets.
The probability distribution ,(¢;, h) encodes the belief that type ¢; holds, after history h, about
the opponents’ strategies and the opponents’ conditional beliefs. In particular, by taking the
marginal of 5,(t;, h) on S_;(h), we obtain the first-order belief b;(t;, h) € A(S_;(h)) of type t;
about the opponents’ strategies. As (3,(t;, h) also specifies a belief about the opponents’ types,
and every opponent’s type holds conditional beliefs about his opponents’ strategies, we can also
derive, for every type t; and history h, the second-order belief that type t; holds, after history
h, about the opponents’ conditional first-order beliefs.

By continuing in this fashion, we can derive for every type t; in the epistemic model his
first-order beliefs, second-order beliefs, third-order beliefs, and so on. That is, we can derive
for every type t; a complete belief hierarchy. The epistemic model just represents a very easy
and compact way to encode such belief hierarchies. The epistemic model above is very similar
to models used in Ben-Porath (1997), Battigalli and Siniscalchi (1999, 2002) and Perea (2012,
2014) for finite dynamic games.

The reader may wonder why we restrict to finitely many types in the epistemic model. The
reason is purely pragmatic: it is easier to work with finitely many types, since we do not need
additional topological or measure-theoretic machinery. At the same time, our analysis and
results in this paper would not change if we would allow for infinitely many types. For instance,
in order to prove the existence of common belief in future rationality in both the discounted
and the uniform case, it is sufficient to build one epistemic model in which all types express
common belief in future rationality, and we show that we can always build an epistemic model
with finitely many types that has this property.

A property that we will be especially interested in throughout this paper is Bayesian updat-
ing. Here is a formal definition.

Definition 4.2 (Bayesian updating) A type t; satisfies Bayesian updating if for every
history h, and every history h' following h with 3,;(t;, h)(S—;(h") x T—_;) > 0, we have that

_ Bilti, h)(E—i x {t_i})
Bi(ti, h)(S—i(h') x T_;)

Bi(ti, W) (E—i x {t—i})
for every set E_; € ¥_;(h') and every t_; € T_;.

Remember that ¥_;(h’) is the o-algebra on S_;(h') we have introduced in Section 3.

4.2 Belief in Future Rationality

Consider a type t;, and let b;(¢;) be the induced first-order belief vector. That is, b;(¢;) specifies
for every history h the first-order belief b;(¢;, h) € A(S_;(h)) that ¢; holds about the opponents’
strategies. Note that b;(¢;) is a conditional belief vector as defined in the previous section. We
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say that strategy s; is d-optimal for type t; at history h if s; is J-optimal at h for the conditional
belief b;(t;, h). More precisely, s; is d-optimal for type t; at history h if

UP (h, si,bi(ti, b)) > UL (h, 55, bi(ti, b))

for every s, € S;(h).

We say that type t; believes in his opponents’ future §-rationality if at every stage of the
game, type t; assigns probability 1 to the set of those opponents’ strategy-type pairs where the
opponent’s strategy is d-optimal for the opponent’s type at all future stages. To formally define
this, let

(S; x T;)"0=oPt .= {(s;,t;) € S; x T | s; is d-optimal for ¢; at every h’ that weakly follows h}.

Here, we say that b/ weakly follows h if b/ follows h, or ' = h. Moreover, let (S_; x T_;)"0—oPt .=
X j£i(S) Tj)h"s_"pt be the set of opponents’ strategy-type combinations where the strategies
are ¢-optimal for the types at all stages weakly following h.

Similar definitions can be given for the case of uniform optimality. We define

(S; x Tp)w=ort . = {(s;,t;) € S; x T} | there is some 0 € (0,1) such that for all § € [§,1),
s; is d-optimal for t; at every h’ that weakly follows h},

and let (S—z X T_i)h,u—opt = Xj;éi(sj X ]})h,u—opt'
Definition 4.3 (Belief in future rationality) Consider a finite epistemic model M = (15, 5;)icr,
and a type t; € T;.

(a) Type t; believes in the opponents’ future /-rationality if for every history h we have
that B3;(t;, h)(S_; x T_;)M0—oPt =1,

(b) Type t; believes in the opponents’ future uniform rationality if for every history h
we have that (;(t;, h)(S_; x T_;)Mv—ort = 1.

With this definition at hand, we can now define “common belief in future d-rationality”,
which means that players do not only believe in their opponents’ future §-rationality, but also
always believe that the other players believe in their opponents’ future d-rationality, and so on.
We do so by recursively defining, for every player 4, smaller and smaller sets of types T}, Tf, Ti?’,

Definition 4.4 (Common belief in future rationality) Consider a finite epistemic model
M = (T}, 3,)icr, and some 6 € (0,1). Let

T} := {t; € T; | t; believes in the opponents’ future §-rationality’}
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for every player i. For every m > 2, recursively define
T = {t; € T ' | B;(ti, h)(S—s x T™ ") =1 for all h € H}.
A type t; expresses common belief in future /-rationality if t; € T for all m.

That is, Ti2 contains those types that believe in the opponents’ future J-rationality, and
which only deem possible opponents’ types that believe in their opponents’ future d-rationality.
Similarly for 123,1}4, and so on. This definition is based on the notion of “common belief in
future rationality” as presented in Perea (2014), which has been designed for dynamic games of
finite duration. Baltag, Smets and Zvesper (2009) and Penta (2015) present concepts that are
very similar to “common belief in future rationality”. In the same way, we can define “common
belief in future uniform rationality” for stochastic games.

5 Existence Result

In this section we will show that “common belief in future §-rationality” and “common belief in
future uniform rationality” are possible in every finite stochastic game. The proof will be con-
structive, as we will explicitly construct an epistemic model in which all types express common
belief in future 0- (or uniform) rationality.

5.1 Common Belief in Future Rationality is Always Possible

We first show the following important result, for which we need some new notation. For a given
strategy s; and history h, let S;[s;, h] be the set of strategies in S;(h) that coincide with s; on
histories that weakly follow h. Similarly, for a given combination of strategies s_; € S_; and
history h, we denote by S_;[s_;, h] :== X;.;S;[s;, h] the set of opponents’ strategy combinations
in S_;(h) that coincide with s_; on histories that weakly follow h.

Lemma 5.1 (Stationary strategies are optimal under stationary beliefs) Consider a fi-
nite stochastic game I'. Let s_; be a profile of stationary strategies for i’s opponents. Let b; be
a conditional belief vector that assigns, at every history h, probability 1 to S_;[s_;, h]. Then,

(a) for every 6 € (0,1) there is a stationary strategy for player i that is 6-optimal under b;, and
(b) there is a stationary strategy for player i that is uniformly optimal under b;.

That is, if we always assign full probability to the same stationary continuation strategy
for each of our opponents, then there will be a stationary strategy for us that is optimal after

every history. We are now in a position to prove that common belief in future J-rationality is
always possible in every finite stochastic game.
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Theorem 5.1 (Common belief in future j-rationality is always possible) Consider a fi-
nite stochastic game T', and some § € (0,1). Then, there is a finite epistemic model M =
(T3, B;)ier for T' such that

(a) every type in M expresses common belief in future d-rationality, and

(b) every type in M satisfies Bayesian updating.

Smilarly, we can prove that common belief in future uniform rationality is always possible
as well.

Theorem 5.2 (Common belief in future uniform rationality is always possible) Consider
a finite stochastic game T'. Then, there is a finite epistemic model M = (T3, 3;)ics for T' such
that

(a) every type in M expresses common belief in future uniform rationality, and

(b) every type in M satisfies Bayesian updating.

The proof for this theorem is almost identical to the proof of Theorem 5.1. The only difference
is that we must use part (b), instead of part (a), in Lemma 5.1. For that reason, this proof is
omitted.

Suppose that, instead of restricting to finitely many types, we would start from a terminal
epistemic model (Friedenberg (2010)) in which all possible belief hierarchies are present. Then,
Theorems 5.1 and 5.2 would imply that within this terminal epistemic model we can always find
belief-closed submodels with finitely many types in which every type expresses common belief
in future rationality. Hence, the message of these two theorems would not change if we would
consider such terminal epistemic models with infinitely many types.

5.2 Examples Revisited

We will now illustrate the existence result by means of the two examples we discussed in Section
2. For both examples, it has been shown that subgame perfect equilibria fail to exist if we use
the uniform optimality criterion. Nevertheless, our Theorem 5.2 guarantees that common belief
in future uniform rationality is possible for both games. In fact, for both games we will explicitly
construct epistemic models where all types express common belief in future uniform rationality,
and all types satisfy Bayesian updating.

Example 1 continued. The Big Match.

Recall the game from Figure 1. We will now construct an epistemic model in which all types
express common belief in future uniform rationality. With a slight abuse of notation we write
C to denote player 1’s stationary strategy in which he always plays action C in state 0, and
similarly for S, L, and R. Now consider the chain of stationary strategy pairs:

(S;R) — (C,R) — (C,L) — (S,L) — (S, R).
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In this chain, each stationary strategy is d-optimal, for every ¢ € (0,1), under the belief that
the opponent will play the preceding strategy in the future. For instance, “(S,R) — (C, R)”
indicates that for player 1 it is optimal to play C if he believes that player 2 will play R in
the future, and for player 2 it is optimal to play R if he believes that player 1 will play S in
the future. Similarly for the other arrows in the chain. In particular, each of these strategies
is uniformly optimal as well for these beliefs. This chain leads to the following epistemic model
with types
= {t?7tf}v = {t%,t?}

and beliefs

bi(ty,h) = (L.t§)
bu(t{, h) (R.t5)
ba(ty,h) = (C.tf)
ba(tg,h) = (S,17)

Here, b1 (t7,h) = (L,t%) means that type t7, after every possible history h, assigns probability
1 to player 2 choosing the stationary strategy L in the remainder of the game, and to player 2
having type t%. Similarly for the other types. The full beliefs of these types can be constructed
such that they all satisfy Bayesian updating.

Note that type tg' always believes that player 1 will choose S in the current stage, even though
it is evident that player 1 has always chosen C' in the past. This degree of stubbornness is typical
for backward induction concepts such as common belief in future rationality or subgame perfect
equilibrium. Think, for instance, of Rosenthal’s (1981) centipede game, where in a subgame
perfect equilibrium a player always believes that his opponent will opt out in the next round,
whereas it is evident that the opponent has not opted out at any point in the past.

It may be verified that every type in the epistemic model above satisfies Bayesian updat-
ing, and that every type believes in the opponent’s future J- (and uniform) rationality. As a
consequence, every type expresses common belief in future - ( and uniform) rationality.

Note that the type tf for player 1 induces exactly the belief hierarchy we have described in
Section 2.

Example 2 continued. A quitting game.

Recall the game from Figure 2. We write C; to denote player ¢’s stationary strategy in which
he always plays action C' in state ¢, and similarly for 5;. Now consider the chain of stationary
strategy pairs

(51,52) — (S1,C3) — (C1,Cs) — (C1,S2) — (51, S2).

In this chain, each stationary strategy is d-optimal, for every § € [%, 1), under the belief that
the opponent plays the preceding stationary strategy in the future. In particular, each of these
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strategies is uniformly optimal under these beliefs. This leads to the following epistemic model
with types
Ty= {1767}, To = {152, 15°}

and beliefs

) (Ca, tOQ)
bi(t3' h) = (S2157)

) (51, tSl)
t5%,h) = (Ot

Again, the full beliefs of these types can be constructed in such a way that all types satisfy
Bayesian updating.

Note that types tfl and th always believe that the opponent will choose S during the next
stage, although it is evident that the same opponent has always chosen C' in the past. Again,
as we have already explained above, this type of stubbornness is not uncommon for backward
induction concepts like common belief in future rationality and subgame perfect equilibrium.

It may be verified that all types believe in the opponents’ future J-rationality for all § € [%, 1).
Consequently, all types express common belief in future d-rationality as well, for all § € [%, 1).
Similarly, it can be shown that all types express common belief in future uniform rationality.

Note that the type 15101 for player 1 induces exactly the belief hierarchy we have described in
Section 2.

6 Relation to Subgame Perfect Equilibrium

In the literature on stochastic games, the concepts which are most commonly used are Nash
equilibrium (Nash (1950, 1951)) and subgame perfect equilibrium (Selten (1965)). In this section
we will explore the precise relation between common belief in future rationality on the one hand,
and subgame perfect equilibrium on the other hand. We will show that in two-person stochastic
games, subgame perfect equilibrium can be characterized by the conditions in common belief in
future rationality, together with Bayesian updating and some “correct beliefs conditions”. In
particular, it follows that subgame perfect equilibrium can be viewed as a refinement of common
belief in future rationality, as it implicitly assumes each of its conditions.

In Section 5 we have seen that common belief in future rationality (in combination with
Bayesian updating) is always possible in every finite stochastic game, even if we use the uniform
optimality criterion. Hence, the reason that subgame perfect equilibrium fails to exist in some of
these games is that the conditions in common belief in future rationality and Bayesian updating
are logically inconsistent with the “correct beliefs conditions” in those games.
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6.1 From Types to Behavioral Strategies

The concepts of common belief in future rationality and subgame perfect equilibrium are defined
within two different languages: The first concept is defined within an epistemic model with types,
whereas the latter is defined by the use of behavioral strategies. How can we then formally relate
these two concepts? We will see that, under certain conditions, a type within an epistemic model
will naturally induce a profile of behavioral strategies.

From now on, we assume that there are only two players in the game. Formally, a behavioral
strategy for player ¢ is a function o; that assigns to every history h some probability distribution
oi(h) € A(A;(xz(h))) on the set of actions available at state z(h). Now, consider an epistemic
model M = (T3, 3;)icr, and a type t; within that epistemic model. For every history h and every
action a; € Aj(x(h)) for opponent j at h, let S;(h,a;) denote the set of strategies s; € S;j(h)
with s;(h) = a;. We define the behavioral strategy O';i induced by type ¢; for opponent j by

o’ (h)(az) := B;(ti, h)(Sj(h, a;) x Tj)

for every history h and every action a; € A;(x(h)). Hence, a? (h)(a;) is the probability that type
t; assigns, after history h, to the event that player j will choose action a; after h. In this way,
every type t; naturally induces a behavioral strategy 0’? for his opponent j. So, 0’? represents
t;’s conditional beliefs about j’s future behavior.

But what does it mean that a type ¢; for player ¢ induces a behavioral strategy o; for player ¢
himself? This is more subtle, as ¢; holds no belief about his own actions in the game, only about
the actions of his opponent. But ¢; does hold a belief about j’s beliefs about i’s actions, and this
second-order belief will constitute the link to o;. More precisely, we will say that type ¢; induces
a behavioral strategy o; for himself if, after any history, he only assigns positive probability to
opponent’s types t; where aij = ¢;. This naturally leads to the following definition.

Definition 6.1 (From types to behavioral strategies) A type t; induces a behavioral
strategy pair (o;,0;) if

(1) a;" =0, and
(2) after every history h, the conditional belief 5,(t;,h) € A(S;(h) x Tj) only assigns positive
probability to types t; for which J? = 0;.

Condition (2) thus states that, after every history h, type t; believes — with probability 1 —
that player j believes that ¢’s future behavior is given by o;.

With this definition at hand it is now clear what it means that a type induces a subgame
perfect equilibrium, since a subgame perfect equilibrium is just a behavioral strategy pair satis-
fying some special conditions. In order to define a subgame perfect equilibrium formally, we need
some additional notation first. Take some behavioral strategy pair (o;,0;), and some history
h. We denote by Uf(h, 0;,0;) the d-discounted expected utility for player 4, if the game would
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start after history h, and if the players choose according to (c,0;) in the subgame that starts
after history h.

Definition 6.2 (Subgame perfect equilibrium) (a) A behavioral strategy pair (o1,02) is a
d-subgame perfect equilibrium if after every history h, and for both players i, we have that
Ul (h,0i,05) > Ul(h, 0%, 0;) for every behavioral strategy o.

(b) A behavioral strategy pair (01,03) is a uniform subgame perfect equilibrium if there
is some § € (0,1) such that for every § € [0,1), for every history h, and for both players i, we
have that U? (h,0;,0;) > U (h, o', 0;) for every behavioral strategy o’.

Hence, a §-subgame perfect equilibrium constitutes a é-Nash equilibrium in each of the
subgames. A behavioral strategy pair is thus a uniform subgame perfect equilibrium if it is
a subgame perfect equilibrium under a discounted evaluation for all sufficiently high values of
the discount factor. The concept of uniform e-equilibrium (e.g. Jaskiewicz and Nowak (2016))
features prominently in the literature on stochastic games. While uniform subgame perfect
equilibrium is not logically related to the uniform e—equilibrium, it is somewhat similar in spirit.
Both concepts entail a requirement of robustness of the solution within a small range of the
parameters of the game.

6.2 Epistemic Characterization of Subgame Perfect Equilibrium

We will now characterize those types t; within an epistemic model that induce a J-subgame
perfect equilibrium. We will see that these are precisely the types that satisfy all the conditions
in common belief in future rationality, together with Bayesian updating and some “correct beliefs
conditions”. Before we state this result formally, we must first define what we mean by these
“correct beliefs conditions”.

We say that a type t; believes that opponent j is correct about ¢’s beliefs, if #; only assigns
positive probability to opponent’s types who are correct about his full belief hierachy. Similarly,
we say that t; believes that j believes that 4 is correct about j’s beliefs, if ¢; only assigns positive
probability to opponent’s types ¢; that believe that 4 is correct about j’s beliefs. Since ¢;’s belief
hierarchy is encoded by his type, this leads to the following two definitions.

Definition 6.3 (Correct beliefs assumption) Consider a finite epistemic model M = (T3, 3;)icr-

(1) Type t; believes that j is correct about i’s beliefs, if after every history h, the condi-
tional belief 3;(t;,h) € A(Sj(h) x T};) only assigns positive probability to types t; that, after
every history h', assign probability 1 to type t;.

(2) Type t; believes that j believes that i is correct about j’s beliefs, if after every history
h, type t; only assigns positive probability to types t; that believe that i is correct about j’s
beliefs.
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Remember the definition of Bayesian updating that we gave in Section 4. We say that type t;
believes that j satisfies Bayesian updating if, after every history h, the conditional belief 3;(t;, h)
only assigns positive probability to types ¢; that satisfy Bayesian updating.

We are now ready to state our epistemic characterization of §-subgame perfect equilibrium
in two-player stochastic games.

Theorem 6.1 (Characterization of /-subgame perfect equilibrium) Consider a finite two-
player stochastic game T', and a behavioral strategy pair (o1,02) in I'. Then, (01,092) is a d-
subgame perfect equilibrium, if and only if, there is a finite epistemic model M = (T}, 3;)icr and
for both players i a type t; € T;, such that

(1) t; induces (01, 02),
(2) t; expresses common belief in future §-rationality,

(3) t; believes that j is correct about i’s beliefs, and believes that j believes that i is correct
about j’s beliefs,

(4) t; satisfies Bayesian updating, and believes that j satisfies Bayesian updating.

In a similar way we can prove the following characterization of uniform subgame perfect
equilibrium.

Theorem 6.2 (Characterization of uniform subgame perfect equilibrium) Consider a
finite two-player stochastic game I', and a behavioral strategy pair (o1,02) in I'. Then, (01, 02)
is a uniform subgame perfect equilibrium, if and only, there is a finite epistemic model M =
(T3, B,)ier and for both players i a type t; € T;, such that

(1) t; induces (01, 02),
(2) t; expresses common belief in future uniform rationality,

(3) t; believes that j is correct about i’s beliefs, and believes that j believes that i is correct
about j’s beliefs,

(4) t; satisfies Bayesian updating, and believes that j satisfies Bayesian updating.

The proof is almost identical to the proof of Theorem 6.1, and is therefore omitted.

Note that the two theorems above would not change if we would allow for epistemic models
with infinitely many types. For instance, if we would start from a terminal epistemic model
in which all belief hierarchies are present, then the two theorems above state that (o1,09) is
a subgame perfect equilibrium exactly when we can find, for both players, a type within that
model which satisfies conditions (1)—(4).
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7 Proofs

Proof of Lemma 5.1. We construct the following Markov decision problem M DP for player
1. The set of states X in M DP is simply the set of states in the stochastic game I', and for
every state x the set of actions A(x) in M DP is simply the set of actions A;(x) for player ¢ in
I'. For every state x and action a € A(z), let the utility u(z,a) in MDP be the utility that
player ¢ would obtain in I' if the game reaches x, player ¢ chooses a at z, and the opponents
choose according to s_; at . Note that s_; is a profile of stationary strategies, and hence the
behavior induced by s_; at x is independent of the history. So, u(z,a) is well-defined. Finally,
we define the transition probabilities ¢(y|x,a) in M DP. For every two states x,y and every
action a € A(x), let ¢(y|x, a) be the probability that state y will be reached in I' next period if
the game is at x, player ¢ chooses a at x, and i’s opponents choose according to s_; at x. Again,
q(y|z,a) is well-defined since, by stationarity of s_;, the behavior of s_; at z is independent of
the history. This completes the construction of M DP.

We will now prove part (a) of the theorem. Take some ¢ € (0,1). By part (a) in Theorem
3.1, we know that player i has a J-optimal strategy $; in M DP which is stationary. So, we can
write §; = (8;(2))zex. Now, let s; be the stationary strategy for player i in the game I'" which
prescribes, after every history h, the action $;(xz(h)). Then, it may easily be verified that the
stationary strategy s; is d-optimal for player ¢ in I', given the conditional belief vector b;.

Part (b) of the theorem can be shown in a similar way, by relying on part (b) in Theorem
3.1. |

Proof of Theorem 5.1. We start by recursively defining profiles of stationary strategies, as
follows. Let s* = (s});e; be an arbitrary profile of stationary strategies for the players. Let
bi[st,] be a conditional belief vector for player i that assigns, after every history h, probability 1
to some strategy combination s* ;[h] in S_;[s!, h]. Moreover, these strategy combinations s* ;[h]
can be chosen in such a way that s*;[h] = s* ,[h/] whenever h follows A" and s* [h] € S_;(h). In
that way, we guarantee that b;[s! ] satisfies Bayesian updating.

We know from Lemma 5.1 that for every player ¢ there is a stationary strategy s? which
is d-optimal, given the conditional belief vector b;[s!.]. Let s := (s7);cs; be the new profile of
stationary strategies thus obtained. By recursively applying this step, we obtain an infinite
sequence s', s2,s3, .. of profiles of stationary strategies.

As there are only finitely many states in I', and finitely many actions at every state, there are
also only finitely many stationary strategies for the players in the game. Hence, there are also
only finitely many profiles of stationary strategies. Therefore, the infinite sequence s', s2, s3, ...

must go through a cycle

+2 m+R

m m+1 — ...— 5 —

PRI Sm+R+1

where ™R+l = 5™ We will now transform this cycle into an epistemic model where (a) all

types express common belief in future d-rationality, and (b) all types satisfy Bayesian updating.
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For every player ¢, we define the set of types

T, = {7, et ety
where "7 is a type that, after every history &, holds belief b;[s™""~](h) about the opponents’
strategies, and assigns probability 1 to the event that every opponent j is of type t;ﬁ”*l.
If r = 0, then type t]", after every history h, holds belief b;[s m+R](h) about the opponents’
strategies, and assigns probability 1 to the event that every opponent j is of type t;’HR. This
completes the construction of the epistemic model M.

Then, by construction, every type in the epistemic model satisfies Bayesian updating, since
the conditional belief vectors b;[s* ;] are chosen such that they satisfy Bayesian updating. More-
"+ holds the conditional belief vector b;[s™:"" 1] about the opponents’ strate-
MAT ig §-optimal under the conditional belief

is d-optimal for the type ¢"", for every type t/"™" in the

over, every type
gies. By construction, the stationary strategy s;
vector b;[s™;" 1], and hence s""
model.

By construction, every type t:.”” assigns, after every history h, and for every opponent 7,
probability 1 to the set of opponents’ strategy-type pairs S [S?H—T_l,h] X {t;”'”_l}. As every

[m—l—r 1 h] m+r—1

strategy s €S coincides with s; at all histories weakly following h, and strategy

sl g §-optimal for type t;”” !

j
strategy s € Sj[s’ mAr=l )]

is,

at all histories weakly following h, it follows that every

tm"r’r‘—l

is d-optimal for type ; at all histories weakly following h. That

S; [S;H_T—l, h] x {t;.n'”_l} C (S x T;)™°=°P! for all histories h.

Since B; (¢, h)(S—i[s™ 1, B x {™"1}) = 1 for all histories h, it follows that 8; (¢ *", h)(S_;x
T_;)9=oPt = 1 for all h1st0r1es h. This means, however, that tg”” believes in the opponents’
future d-rationality.

As this holds for every type t?”r in the model M, we conclude that all types in M believe
in the opponents’ future §-rationality. Hence, as a consequence, all types in M express common
belief in future J-rationality. This completes the proof. |

Proof of Theorem 6.1. (a) Take first a J-subgame perfect equilibrium (o1, 02). We will
construct an epistemic model M = (T3, 3,)icr, and choose for both players i a type t; € T;
within it, that satisfies the conditions (1) — (4) in the statement of the theorem.

Let 77 = {t1} and Ty = {t2}, so we only consider one type for each player. Fix a player i. We
transform o into a conditional belief vector b?j for player ¢ about j’s strategy choice, as follows.
Consider a history h = ((z',a'), ..., (zF~1, a*71), %) of length k, and for every m < k — 1 let
™ = ((zt,al),..., (@™ 1, a™ 1), 2™) be the induced history of length m. Let a? be a modified
behavioral strategy such that

(i) U?(hm)(a’j") =1 for every m < k — 1, and

(ii) a?(h') = o(h) for all other histories h'.
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Hence, a?

o; otherwise.

Remember that, for every strategy s; € S;(h) and every m > k, we denote by [s;], the set
of strategies in S;(h) that coincide with s; on histories up to length m. The o-algebra X;(h)
we use is generated by these sets [sj];,, with s; € Sj(h) and m > k. Let HS™ be the finite
set of histories of length at most m. Then, let b;’(h) € A(Sj(h)) be the unique probability
distribution on Sj(h) such that

assigns probability 1 to all the player j actions leading to h, and coincides with

b7 (W) ([slm) = [ of(B)(s5(R)) (1)
h'eH=™
for every strategy s; € S;(h) and every m > k. Note that b}’ (h) is indeed a probability distrib-

ution on Sj(h) as, by construction, 0? assigns probability 1 to all player j actions leading to h.

In this way, the behavioral strategy o; induces a conditional belief vector b;’ = (b; (h))pep for

player i about j’s strategy choices. Moreover, the conditional belief b’ (h) € A(Sj(h)) has the
property that the induced belief about j’s future behavior is given by o;.

For both players i, we define the conditional beliefs 3;(t;,h) € A(S;(h) x T};) about the
opponent’s strategy-type pairs as follows. At every history h of length &, let §8;(¢;, h) € A(S;(h) %
Tj) be the unique probability distribution such that

Bi(ti, h)([sjlm x {t;}) = b5 (h)([s;]m) (2)

for every strategy s; € Sj(h) and all m > k. So, type t; believes, after every history h, that
player j is of type ¢, and that player j will choose according to o; in the game that lies ahead.
This completes the construction of the epistemic model M = (T3, 5;)icr-

Choose an arbitrary player i. We show that type t; satisfies the conditions (1) — (4) above.

(1) We first show that a? = o,. Take some history h = ((z!,al),..., (271 a*~ 1), 2F) of
length k, and some action a; € A;(z*). Let
[S5(hy ag)lk := {[sjlr | s; € Sj(h,a;)}
be the finite collection of equivalence classes that partitions S;(h,a;). Then,
o (h)(a;) = Bi(ti,h)(S;(h,a;) x Tj)
= b’ (h)(Sj(h,ay))

(2

= > b (sile)

[s;1k€[S; (h.a;)]k

= > [ o) sw))

[s;]1k €[S (h.a;)]k W' e HSF
= oh(h)(a)
= oj(h)(a;),

23



which implies that U;i = 0. Here, the first equality follows from the definition of 02-". The second
equality follows from (2). The third equality follows from the observation that [S;(h,a;)]k
constitutes a finite partition of the set Sj(h,a), and that each member of [S;(h,a;)]; is in
the o-algebra ¥;(h). The fourth equality follows from (1). The fifth equality follows from
two observations: First, that s; € Sj(h,a;), if and only if, s;(h™) = ai* for all m < k —1
and sj(h) = aj, where ™ = ((z!,a'),..., (@™ a™~1),2™) for all m < k — 1. The second
observation is that o*?(hm)(a}n) = 1 for all m < k — 1. The sixth equality follows from the
fact that O'? coincides with o; on histories that weakly follow h. In particular, this implies that

oy (h) = o;(h).

In a similar way, we can show that a? = 0;. Since t; only assigns positive probability to type
t;, it follows that type t; induces the behavioral strategy pair (o1, 02).

(2) We start by showing that type t; believes in j’s future d-rationality. Consider an arbitrary
history h. We show that j3;(t;, h)(S; x Tj)h9=rt = 1.
Since (o, 0;) is a subgame perfect equilibrium, we have at every history i’ weakly following
h that
U;?(h’,aj,ai) > Uf(h’,a;,ai)

for every behavioral strategy 0’;-. This implies that

Uj‘-s(h', 0j,0;) > U]‘-;(h’, 5;, 0i)

for all s’ € Sj(h). By (1), this is equivalent to stating that

US(h', 677 ('), b7 (') > U3 (W, s}, b7 (h)) (3)
for every history h' weakly following h, and every s’ € Sj(h). Let
SPUR) »={s; € S; | UL, 55,7 (') > U (K, 8,67 (b)) for all s € ()},
and let
S?’Opt ={s; € Sj(h) | s; € S;pt(h') for every history h' weakly following h}.

Then, by (3) it follows that b’ (h)(S]*") = 1.

Since the conditional belief of type t; at A’ about i's strategy is given by b7'(h’), it follows
that S]]?’Op " contains exactly those strategies s; € Sj(h) that are d-optimal for type t; at all
histories weakly following h. Moreover, the conditional belief that type t; has at h about j’s
strategy is given by b’ (h), for which we have seen that b;’ (h)(S]h’Op "y = 1. By combining these
two insights, we obtain that

Bitiy ) (S5 > Ty)™0 =%t = By(ts, h) (S % {t;}) = b7 (R)(S]") = 1.
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As this holds for every history h, we conclude that t¢; believes in j’s future §-rationality.
Since this holds for both players i, and since 77 = {t1} and T = {2}, it follows that both
types t1 and to express common belief in future d-rationality, which was to show.

(3) By the construction of our epistemic model M, type t; always assigns probability 1 to
type t; which, in turn, always assigns probability 1 to type ¢;. Hence, type t; believes that j is
correct about i’s beliefs, and believes that j believes that 4 is correct about j’s beliefs.

(4) Take some history h* = ((z!,al), ..., (¥, a*"1),2%) in H*, and some history hFT! =
((z',ab), ..., (xF=1 a*=1), (2%, a¥), 2%*+1) in H**! that immediately follows h*, and for which
B;(ti, h¥)(S;(R**1) x {t;}) > 0. Consider some m > k + 1, and some s; € Sj(h**1). Then,

Bi(ti, W) ([sjlm > {t;}) = b7’ (h )([ ] )
= H o} (h))
heH=

= o (hk)(sj(hk)) [T o msm)

heH<m\{hk}

= "Mk I T ()sih). (4)

he H<m\{hk}

Here, the first equality follows from equation (2). The second equality follows from equation
(1). The third equality follows from the observation that ahk and O'?IH—I coincide on all histories
except h¥. The fourth equality follows from the fact that s](hk) = af , since s; € Sj(RF*1).

On the other hand,

Bi(ti, RO (S (W) x {t5}) = Bilti, B*)(S;(R*, af) x {t;})
= ol (nh)(ah)
= 0;(h")(a5)
= o} (W) (a)). (5)
The first equality follows from the observation that S;(h*+1) = S;(hk, a?). The second equality

follows from the definition of th" The third equality follows from the fact that Ut' =0j, as we

have shown above. The fourth equahty follows from the observation that 0 (hk) = o;(h¥).

25



By equations (4) and (5) it follows, for every s; € S;(h**1),

(+. Bk Silm . k41
Bilti, W) (sjlm x {t})  _ T o s

Bilts WS (W) > {5, 2 gy

= I " (w)sh)).

heH<m
= b (W) ([s5]m)
= Bi(ti, FT) ([s5]m x {t5}).

Here, the second equality follows from the fact that U?k“(hk)(sj(hk)) = oé?kﬂ(hk)(a;‘?) =1,
by construction of o?kﬂ. The third and fourth equality follow from equations (1) and (2),

respectively.
Hence, we have shown that

~ Bilts, B ([s5]m x {t53})
Bt KF Y ([s4]m % {t;}) = B;(ti, h*)(S; (1) x {t;})

for every s; € S;(h**1) and every m > k + 1. As the o-algebra 3;(h**1) is generated by these
sets [s;]m, it follows that

Bi(ti, h¥)(E; x {t;})
B;(ti, BF)(S;(RFH1) x {t;})

for every history h € H¥, every history h*T! € H**! following h* with S;(t;, h*)(S;(h**1) x
{t;}) > 0, and every set E; € Zj(hk+1). But then, it follows that this equality also holds for every
history h, every history A’ following h with S;(t;, h)(S;(R") x {t;}) > 0, and every E; € X;(R’).
So, type t; indeed satisfies Bayesian updating, as was to show. In the same way, it can be shown
that also ¢; satisfies Bayesian updating, so ¢; believes that j satisfies Bayesian updating too.

Bilts, LMY (Ej x {t;}) =

Summarizing, we have shown that both types t; and t; satisfy the conditions (1) — (4).

(b) Assume next that there is a finite epistemic model M = (T3, 3,)icr, and for both players
i a type t; € T;, such that ¢; induces (04,0;), and satisfies conditions (2) — (4). We show that
(04,05) must be a §-subgame perfect equilibrium. We proceed in two steps.

Step 1: There is a type t; € T} such that ¢; always assigns probability 1 to ;.

Proof of Step 1. Suppose that there are two different types, ¢; and t;, and two histories h, I/,
such that f3;(t;, h) assigns positive probability to ¢;, and §;(¢;, ') assigns positive probability to
t;. Since, by the first part in condition (3), ¢; believes that j is correct about #’s beliefs, it must

be the case that t; always assigns probability 1 to type ¢;. But then, ¢; always believes with
probability 1 that player 4, at history A/, assigns positive probability to type t;- # t;. This means
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that type t; does not believe that 7 is correct about j’s beliefs. As a consequence, t; does not
believe that j believes that i is correct about j’s beliefs, which would contradict the second part
of condition (3). Hence, there must be single type t; such that ¢; always assigns probability 1
to t;. This completes the proof of step 1.

By Step 1, and the assumption that t; believes that j is correct about i’s beliefs, it follows
that there is a single type t; such that (i) t; always assigns probability 1 to ¢;, and (ii) ¢; always
assigns probability 1 to ¢;. Since ¢; induces (04, 0;), it must then be that 0';“' = 0; and ij = 0.
Moreover, as t; satisfies Bayesian updating, and believes that j satisfies Bayesian updating, both
t; and t; must satisfy Bayesian updating.

Step 2: The behavioral strategy pair (0;,0;) is a d-subgame perfect equilibrium.
Proof of Step 2. Take a player ¢ and a history h. We must show that

U7 (h,0i,05) > U} (h, 07, 0;) (6)
for every behavioral strategy of. By (1) this is equivalent to showing that

U7 (h, b7 (h), b7 (h)) = U7 (h, 57, b, () (7)

Y <) T

for all s, € S;(h). Let
SPH(R) == {s; € Si(h) | U (h, si,077 (h)) > UP(h, sk, 077 (h)) for all s; € Si(h)}.

7 A 2}

Then, (7) is equivalent to showing that
o, opt _
b7 (h)(S;" (h)) = 1. (8)

As O'E»i = 0; and t; satisfies Bayesian updating, it follows that the conditional belief of type
t; at h about j’s continuation strategy is given by b?j (h). But then,

SPH(h) = {s; € Si(h) | s; is 6-optimal for ¢; at history h}.

As t;, by assumption, believes that j believes in ¢’s future d-rationality, it must be that ¢; believes
in i’s future é-rationality. In particular,

ﬁj(tj, h)(S; x Ti)h,ﬁ—opt =1.

As t; assigns probability 1 to ¢;, and every strategy s; which is d-optimal for ¢; at all histories
weakly following h must be in S t(h), it follows that

)

Bt h)(SPPH(h) x {t;}) = 1. 9)
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Since U? = o; and t; satisfies Bayesian updating, it follows that the conditional belief of
type t; at h about ¢’s continuation strategy is given by b;”(h) So, (9) implies that

b5 (M) (ST (h)) =1,

(2
which establishes (8). This, as we have seen, implies (6), stating that
U? (h,01,05) > U (h, 0}, 0;)

for every behavioral strategy o.

Since this holds for both players i and every history h, it follows that (o4, 0;) is a d-subgame
perfect equilibrium. This completes the proof of Step 2, and therefore completes the proof of
this theorem. |
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