Expected Utility as an Expression of Linear Preference
Intensity™

Andrés Pereal
Maastricht University

This version: May 2022

Abstract

In a decision problem or game we typically fix the person’s utilities but not his beliefs. What, then, do
these utilities represent? To explore this question we assume that the decision maker holds a conditional
preference relation — a mapping that assigns to every possible probabilistic belief a preference relation
over his choices. We impose a list of axioms on such conditional preference relations that is both necessary
and sufficient for admitting an expected utility representation. Most of these axioms express the idea that
the decision maker’s preference intensity between two choices changes linearly with the belief. Finally, we
show that under certain conditions the relative utility differences are unique across the different expected
utility representations.

JEL Classification: C72, D81
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1 Introduction

What do the utilities in a decision problem or game represent? This is the key question we wish to explore
in this paper. It is often argued that such utilities may be derived from Savage’s (1954) framework. Indeed,
from a particular player’s point of view in a game, his opponents’ choice combinations may be viewed as
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the set of states about which this player is uncertain, whereas his own choices correspond to acts that
assign to every state some consequence. In that sense, a game can be embedded into Savage’s model. The
framework by Savage provides an axiomatic foundation for subjective expected utility maximization, by
imposing axioms on the decision maker’s preference relation over acts, and showing that the preference
relations satisfying these axioms are precisely those that admit an expected utility representation. Such an
expected utility representation consists of a subjective probabilistic belief about the set of states, together
with a utility function assigning to every possible consequence some utility. One could thus argue that the
utilities in a game, or a decision problem in general, may be derived from the player’s preferences over acts,
provided they satisfy the axioms as proposed by Savage.

In my view there are at least two problems with this approach. First, Savage assumes that the decision
maker holds preferences over all possible acts, that is, over all possible functions from the set of states to
the set of consequences. In a decision problem or game, however, many of these acts will not correspond to
choices, and will therefore be unrelated to the decision problem or game at hand. It thus seems problematic
to assume that the decision maker holds preferences even over these acts.

A second problem is that the axioms provided by Savage yield a unique subjective probabilistic belief
for the decision maker about the set of states. In a game, therefore, these axioms lead, for a given player,
to a unique probabilistic belief about the opponents’ choices. At the same time, most game theory concepts
select, for every player, several possible beliefs. Consider, for instance, the concepts of Nash equilibrium
(Nash (1950, 1951)) and rationalizability (Bernheim (1984) and Pearce (1984)). In the spirit of Aumann
and Brandenburger (1995), a mixed strategy in a Nash equilibrium may be interpreted as the belief that
the other players have about this player’s pure strategy. As a game typically has several Nash equilibria,
the concept selects several possible beliefs for the same player. Analogously, a game typically has several
rationalizable pure strategies for the same player. Therefore, also rationalizability typically selects multiple
beliefs for a given player in the game. Another reason for admitting a variety of beliefs is that a player
is typically uncertain about the specific belief that an opponent holds. But also in one-person decision
problems it may be natural to allow for several different beliefs, as the decision maker may change his belief
during his reasoning process, or in the light of new information.

Despite the multiplicity of beliefs, decision problems and games typically view the utility function of a
person as given. This, however, seems to be at odds with Savage’s model, where the axioms on the decision
maker’s preferences over acts do not only lead to a utility function which is unique up to positive affine
transformations, but also to a unique belief. What does it mean, then, that a decision problem or game
specifies the person’s utilities but not his belief?

As a possible answer to this question, this paper adopts a decision theoretic view on games which
resembles Gilboa and Schmeidler’s (2003), and which is fundamentally different from Savage (1954). Instead
of assuming that a person holds preferences over all possible acts that can be derived from the decision
problem or game, we suppose that the person’s probabilistic belief is variable, and that he holds, for every
possible belief, a preference relation over his own choices in the decision problem or game. The primitive
object in our setup is thus a mapping which assigns to every probabilistic belief about the states a preference
relation over his own choices. Such mappings are called conditional preference relations, and these are
precisely the mappings used by Gilboa and Schmeidler (2003) for their foundation of expected utility in



games. By adopting this approach we thus no longer fix the probabilistic belief of a decision maker, yet at
the same time we make sure that the preferences of a decision maker only concern those acts that correspond
to his actual choices in the decision problem or game.

We then ask: When does such a conditional preference relation have an expected utility representation?
In other words, when can we find a utility function, assigning a utility index to every combination of a choice
and a state, such that for every belief p and every two choices a and b, the decision maker prefers a to b
exactly when the expected utility of a under p is larger than that of b under p 7 We impose a list of axioms
on conditional preference relations, and prove in Theorem 5.1 that the conditional preference relations
satisfying the axioms are precisely those that admit an expected utility representation. Importantly, the
proof of Theorem 5.1 is constructive and procedural: For a given conditional preference relation satisfying
the axioms, we explictly show how to construct a utility function that represents it, by means of an easy
and intuitive procedure.

On the road towards this theorem we zoom in on two special cases of conditional preference relations:
The case of two choices and the case where there are no weakly dominated choices. For the first case we
show in Theorem 3.1 that the basic regularity axioms of completeness, transitivity, continuity, preservation
of indifference and preservation of strict preference, which also appear in Gilboa and Schmeidler (2003), are
sufficient to characterize the conditional preference relations having an expected utility representation.

If there are no weakly dominated choices, but possibly more than two choices in total, then Theorem 4.1
shows that expected utility can be characterized by the regularity axioms together with two new axioms:
three choice linear preference intensity and four choice linear preference intensity. Both axioms reveal the
idea that the intensity with which the decision maker prefers one choice to another changes linearly with
his belief. More precisely, the first axiom concerns three choices and argues that on two parellel lines of
beliefs, the preference intensity between two choices will change at the same rate. This results in a formula
that relates the beliefs on these two parallel lines where the decision maker is indifferent between the various
pairs of choices. The second axiom concerns four choices, and argues that on a line of beliefs the relative
change rates of the preference intensities between the different pairs of choices must respect the chain rule.
Also this axiom is expressed in terms of a formula, which relates the beliefs on the line where the decision
maker is indifferent between the various pairs of choices.

For the general case, where some choices may be weakly, or even strictly, dominated, we extend the
axioms above to signed beliefs involving negative “probabilities”. That is, we move our analysis to areas
outside the belief simplex. Moreover, we introduce two new axioms which deal with scenarios where the
preference intensity between two choices is constant across all beliefs. This set of axioms is shown to be
necessary and sufficient for admitting an expected utility representation in the general case.

An important feature of an expected utility representation in our setting is that the same utility function
is used to represent the decision maker’s preferences for all possible beliefs. This reflects the idea that the
beliefs of the decision maker are often prone to change, due to reasoning or when new information is received,
whereas the decision maker’s tastes are generally viewed as more robust. When we write down a utility
matrix, we thus assume that these various possible beliefs lead to preferences that are “consistent” with
one another, in the sense that they are all governed by the same utilities. The axiom system in this paper
reveals what is needed on behalf of the conditional preference relation to achieve such consistency.



Gilboa and Schmeidler (2003) also propose axioms for conditional preference relations. Contrary to the
present paper, their axioms are sufficient but not necessary for guaranteeing an expected utility representa-
tion. More precisely, their axioms characterize those conditional preference relations that can be represented
by a special type of utility function which they call diversified. The key axiom in their system is diversity,
which states that for every strict ordering of at most four choices, there must be a belief that induces pre-
cisely that ordering. The diversity axiom, however, rules out many cases of interest, such as all scenarios
with two states and at least three choices, all scenarios with three states and at least four choices, and all
cases where there are weakly dominated choices. The axiom system we adopt allows for these scenarios,
and does not impose any restriction on the utility function that can be used to represent the conditional
preference relation at hand.

If there are no weakly dominated choices, and there is a belief where the decision maker is indifferent
between some, but not all, choices (provided there are at least three choices), then it is shown in Theorem
4.2 that the utility differences are unique up to a positive multiplicative constant. In that case, the utility
differences between two choices a and b may be viewed as expressing the decision maker’s “preference
intensity” between a and b. This is similar to the approaches by Anscombe and Aumann (1963) and Wakker
(1989), where the axioms of state independence and state independent preference intensity, respectively,
guarantee that the utility difference between two consequences is the same at every state, and may be
viewed as expressing the “preference intensity” between these consequences.

This paper is organized as follows. In Section 2 we present the necessary mathematical definitions. In
Section 3 we introduce the notion of a conditional preference relation, present the regularity axioms, and
show that for the case of two choices these are necessary and sufficient for an expected utility representation.
In Section 4 we discuss the case where there are no weakly dominated choices, whereas Section 5 treats the
general case. We conclude with a discussion in Section 6. All the proofs can be found in the appendix.

2 Mathematical Definitions

In this section we introduce the mathematical definitions and notation needed for this paper, mainly from
linear algebra. For a finite set X, we denote by R¥X the set of all functions v : X — R. Scalar multiplication
and addition on R¥ are defined in the usual way: For a function v € RX and a number X € R, the function
A-v is given by (A-v)(z) = A-v(z) for all € X. Similarly, for functions v, w € RX, the sum v + w is given
by (v + w)(z) = v(z) + w(z) for all x € X. The set R together with these two operations constitutes a
linear space, and elements in R are called vectors. By 0 we denote the vector in RX where 0(z) = 0 for
all z € X.

A subset V C R¥ is called a linear subspace of RX if for every v,w € V and every o, 8 € R, we have
that av + Bw € V. For a subset V C R¥X, we denote by

K
span(V) = {Zkzl apvg | K>1, ay e Rand v, € V for all k € {1,..., K}}

the set of all (finite) linear combinations of elements in V, and call it the (linear) span of V. Here, Zle QUK
is called a linear combination of the vectors vy, ...,vx. The set span(V') is always a linear subspace, and if
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V itself is a linear subspace then span(V) = V. Vectors vy, ...,vg € RX are called linearly independent if
none of the vectors is a linear combination of the other vectors.

A probability distribution on X is a vector p € R such that >,y p(z) =1 and p(z) > 0 for all z € X.
The set of probability distributions on X is denoted by A(X). For a given element x € X, we denote by
[z] the probability distribution in A(X) where [z](z) = 1 and [z](y) = 0 for all y € X\{z}. A probability
distribution p has full support if p(x) > 0 for all z € X.

3 Case of Two Choices

In this section we formally introduce a conditional preference relation as the primitive notion of our model.
Subsequently, we impose some regularity axioms on conditional preference relations, and show that for the
case of two choices these suffice to single out the conditional preference relations that admit an expected
utility representation.

3.1 Conditional Preference Relations

In line with Gilboa and Schmeidler (2003), the primitive object in this paper is that of a conditional preference
relation — a mapping that assigns to every probabilistic belief over the states a preference relation over the
available choices. In this paper, we also refer to such choices as acts. In fact, we will use the terms acts and
choices interchangeably. Consider a decision maker (DM) who must choose from a finite set of acts A. The
final outcome depends not only on the act a € A, but also on the realization of a state s € S from a finite set
of states S. We assume that the decision maker first forms a probabilistic belief p on S, which then induces
a preference relation 77, on A. Formally, a preference relation 7, on A is a binary relation 7,C A x A. If
(a,b) € 7, we write a 7, b, and the interpretation is that the DM weakly prefers act a to act b if his belief

is p.

Definition 3.1 (Conditional preference relation) Consider a finite set of acts A and a finite set of
states S. A conditional preference relation on (A, S) is a mapping - that assigns to every probabilistic belief
p € A(S) a preference relation 77, on A.

In a game, the DM would be one of the players, A would be his set of actions in the game, and S the
set of opponents’ action combinations. For two acts a and b, we write that a ~, b if a 7, b and b =, a.
The interpretation is that the DM is indifferent between a and b while having the belief p. Similarly, we
write a >, b if a 77, b but not b 7, a, representing a case where the DM strictly prefers a to b. For two
acts a,b € A we define the sets of beliefs P, := {p € A(S) | a ~p b}, Povp :={p € A(S) | a >, b} and
Py :={p € A(S) | a Zp b}. We say that (a) a strictly dominates b under 7 if a =, b for all p € A(S);
(b) a weakly dominates b under 7 if a 77, b for all p € A(S), and a >, b for at least one p € A(S); (c) a is
equivalent to b under 7 if a ~, b for all p € A(S); and (d) 7z has preference reversals between a and b if
there is a belief p with a >, b and another belief ¢ with b >, a. Hence, 7 either exhibits weak dominance,

equivalence, or preference reversals on {a, b}.



In the remainder of this paper we will assume that the conditional preference relation does not have
equivalent acts. That is, on every pair of acts 7 either exhibits weak dominance or preference reversals. In
the discussion section we will briefly explain how our analysis can easily be extended to cover equivalent
acts.

An expected utility representation can be defined as follows.

Definition 3.2 (Expected-utility representation) A conditional preference relation -, has an expected
utility representation if there is a utility function u : A x S — R such that for every belief p € A(S) and
every two acts a,b € A,

a Zp b if and only if Zp(s) ~u(a, s) > Zp(s) -u(b, s).
s€S seS

In this case, we say that the conditional preference relation - is represented by the utility function wu.
For a given vector v € R¥ we use the notation u(a,v) := > s v(s) - u(a, s). Hence, the condition above can
be written as a 77, b if and only if u(a, p) > u(b, p).

3.2 Regularity Axioms

We will now impose some very basic axioms on conditional preference relations, to which we refer as regularity
azrtoms.

Axiom 3.1 (Completeness) For every belief p and any two acts a,b € A, either a 7Z, b or b 22, a.

Axiom 3.2 (Transitivity) For every belief p and every three acts a,b,c € A with a Z, b and b 7, ¢, it
holds that a 7, c.

Axiom 3.3 (Continuity) For every two different acts a,b € A and every two beliefsp € P,y and q € Py, 4,
there is some A € (0,1) such that (1 — A\)p+ Aq € Pyp.

Axiom 3.4 (Preservation of indifference) For every two different acts a,b € A and every two beliefs
p € Pywp and q € P,p, we have that (1 — \)p + A\g € Py for all A € (0,1).

Axiom 3.5 (Preservation of strict preference) For every two different acts a,b € A and every two
beliefs p € P,y and q € Pyvp, we have that (1 — A\)p + A\q € Py, for all A € (0,1).

Completeness and transitivity together resemble the ranking axiom in Gilboa and Schmeidler (2003).
Our definition of continuity is formally different from Gilboa and Schmeidler’s (2003) version, but reveals
the same idea. When taken together, our axioms of preservation of indifference and preservation of strict
preference correspond precisely to Gilboa and Schmeidler’s (2003) axiom of combination.

In the remainder of the paper, whenever we say that a conditional preference relation is regular, or
satisfies the regularity axioms, we mean that it satisfies completeness, transitivity, continuity, preservation



Figure 1: A typical regular conditional preference relation

of indifference and preservation of strict preference. See Figure 1 for a typical regular conditional preference
relation 77 with two acts a and b, and three states x,y and z. The area within the triangle represents the set
A(S) of all probabilistic beliefs on S = {z,y, z}, with the probability 1 beliefs [z], [y] and [z] as the extreme
points. The two-dimensional plane represents all the vectors in R where the sum of the coordinates is 1,
containing the belief simplex A(S) as a subset. Hence, a ~,, b for all beliefs p on the line segment, a >, b for
all beliefs p above the line segment, and b =, a for all beliefs p below the line segment. It may be verified
that = satisfies all the regularity axioms.

The following theorem shows that a conditional preference relation on two acts has an expected utility
representation precisely when it satisfies the regularity axioms.

Theorem 3.1 (Two choices) Consider a set A consisting of two acts, a finite set of states S, and a
conditional preference relation -, on (A,S). Then, - has an expected utility representation, if and only
if, it satisfies completeness, transitivity, continuity, preservation of indifference and preservation of strict
preference.

In particular, the conditional preference relation 77 in Figure 1 has an expected utility representation.
One way to generate a utility function u that represents - is as follows: Choose the utilities u(a, ), u(a,y)
and u(a, z) arbitrarily. Then, fix some o < u(a, z), and choose the utilities u(b, z),u(b,y) and u(b, z) such
that u(b,p1) = u(a,p1), u(b,p2) = wu(a,p2) and wu(b,z) = a. This amounts to solving system of linear
equations with three equations and three variables. Moreover, since the beliefs p1, ps and [z] are linearly
independent, the coefficient matrix of this system has full rank, and thus there is a unique solution. It is
easily seen that these utilities represent the conditional preference relation 77 .
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Figure 2: Why regularity axioms are not sufficient

4 Case of No Weak Dominance

In this section we consider the case of more than two acts and show, by means of an example, that the
regularity axioms are no longer sufficient to guarantee an expected utility representation. The reason is
that the conditional preference relation in the example is incompatible with the idea that the preference
intensity between two acts changes linearly with the belief. This gives rise to two new axioms, three choice
linear preference intensity and four choice linear preference intensity, which may be viewed as testable
consequences of linear preference intensity. It is shown that in the absence of weakly dominated acts, these
axioms, together with the regularity axioms, characterize precisely those conditional preference relations
that have an expected utility representation. We finally prove that in the absence of weakly dominated acts,
the utility differences are uniquely given up to a positive multiplicative constant, provided there is a belief
where the DM is indifferent between some, but not all, acts (if there are at least three choices).

4.1 Why Previous Axioms Are Not Sufficient

Consider the conditional preference relation 7 represented by Figure 2. It may be verified that = satisfies
all the regularity axioms. Yet, there is no expected utility representation for 7~ . To see why, suppose there
would be a utility function u that represents 7~ . Then, the induced expected utilities of a and b must be
equal on the set span(P,.p), the expected utilities of b and ¢ must be equal on the set span(Py..) and the
expected utilities of a and ¢ must be equal on the set span(P,~.), also at vectors that lie outside the belief
simplex. But then, the expected utilities of @ and ¢ must be the same at the vector v where span(P,~;) and
span(Py~..) intersect, which is impossible since v does not belong to span(P,.).
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Figure 3: Violation of linear preference intensity

This raises the question: What is “wrong” with this conditional preference relation? As it turns out, it
is not compatible with the idea that the intensity by which the DM prefers one choice to another changes
linearly with the belief. To see this, consider Figure 3.

Concentrate on the line that goes through the beliefs pgp, ppe and pge, where the DM is indifferent
between a and b, between b and ¢, and between a and ¢, respectively, and the parallel line that goes through
the beliefs p/,, p;. and p).. The numbers a, 3, - @ and p - § indicate the distances between pg, and py,
between py. and pge, between pl, and pj., and between pj . and p),,, respectively. As the lines through pqy
and p/,, through py. and p,. and through p,. and p),. do not have a common intersection point, it must be
that A # p.

Now, suppose that the intensity by which the DM prefers one choice to another changes linearly with
the belief. If we move from the belief p,; to the belief py., then the intensity by which the DM prefers b to a
changes linearly from 0 to some level L. Similarly, if we move from pg. to ppc, then the intensity by which the
DM prefers ¢ to a changes linearly from 0 to the same level L. Indeed, at pp. the DM is indifferent between
b and ¢, and thus the intensity by which he prefers b to a must be identical to the intensity by which he
prefers ¢ to a.

Next, consider the parallel line that goes through the beliefs p/,, p;. and p),.. If the DM’s preference
intensities change linearly with the belief, then the rate at which the preference intensity between b and a
changes on this line must be the same as on the parallel line above. Since the distance between p/, and
P} has grown by a factor A, compared to the distance between p,, and pye, we conclude that if we move
from p/, to p;., then the preference intensity between b and a must change linearly from 0 to A - L. In the
same way, we conclude that if we move from p),. to pj., then the preference intensity between ¢ and a must
change linearly from 0 to u - L, with p # A. This, however, contradicts the fact that the DM is indifferent
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Figure 4: Linear preference intensity on a line of beliefs

between b and c at p;,, and hence the intensity by which he prefers b to a at pj. must be the same as the
intensity by which he prefers ¢ to a. As such, this conditional preference relation contradicts the idea that
the preference intensity changes linearly with the belief.

4.2 Three Choice Linear Preference Intensity

In view of the example above, we will now derive some testable consequences of the idea that the preference
intensity between two acts changes linearly with the belief. This will give rise to the axioms three choice
linear preference intensity and four choice linear preference intensity.

Consider three acts a, b, ¢, and a line [ of beliefs as depicted in Figure 4. Here, inty. , denotes, somewhat
informally, the intensity by which the DM prefers b to a, and similarly for int..,. Moreover, p.p, Ppe and pgc
are beliefs on the line where the DM is indifferent between a and b, between b and ¢, and between a and c,
respectively. As such, the intensity intp., is 0 at pgp, the intensity intq., is 0 at puc, and the two intensities
are the same at pp..

If we assume that the preference intensities change linearly with the belief, then the change rates AMTZ’;”
and Aizit;” are constant on the line [. Moreover, it can be seen from the figure that Aizit;*“ = % and
Ag% = —4, which implies that

Aint C
e 2 (4.1)
Aintes o B

Take a state s such that the probability of s is not constant on the line [. Then, we know that

_g _ pac(s) _pbc(s)
B pab(s) - pbc(s)
Together with (4.1) we thus conclude that

Aintb>a _ pac(s) - pr(s)
Aintesq pab(3> - pbc(s)

(4.2)

Now, consider a line I’ of beliefs that is parallel to [, with beliefs p/,,p;. and p],. where the DM is
indifferent between the respective acts. If the DM’s preference intensities change linearly with the belief,
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then the relative change rate Ainty. ,/Aintc., should be the same on the parallel lines [ and I. In view of
(4.2) we thus conclude that

pac(s) — pbc(s) pac(s) — pbc(s)

Pab(8) = Poe(s)  Ply(s) — Phe(s)’

which implies that

(Pab(8) = Poe(3)) = (Pac(8) = Phe(5)) = (Pan(8) — Phe(5)) * (Pac(s) — poe(s))-

This equality will be the content of the axiom three choice linear preference intensity.

To state this axiom formally, we need the following definitions. A line of beliefs is a subset [ C A(S)
such that I = {(1—=XN)p+Aq | A € [0, 1]} for some beliefs p,q € A(S). Two lines of beliefs [ and I’ are parallel
if for every p,q € [ and every p’,¢" € I’ there is some p € R with p — ¢ = u(p’ — ¢').

Axiom 4.1 (Three choice linear preference intensity) For every three acts a,b,c, for every line | of
beliefs with beliefs puy, Ppe, Pac Where the DM is indifferent between the respective acts and which contains
a belief where the DM is not indifferent between any of these acts, every line I’ parallel to | with beliefs
Dy Dyes P Where the DM is indifferent between the respective acts and which contains a belief where the
DM is not indifferent between any of these acts, it holds that

(Pab(5) = Puc(8)) - (Pac(s) = Phe(5)) = P (5) — Phe(8)) - (Pac(s) — Pue(s))
for every state s.

In particular, if we know five out of the six indifference beliefs above, then we also know what the sixth
indifference belief should be. It turns out that this axiom can be verified in an easy way if the conditional
preference relation has no weakly dominated choices: In this case, it is equivalent to checking that every
vector v (possible outside the belief simplex) which is in both span(P,p) and span(Py..), must also be in
span(Pyc).

Proposition 4.1 (Characterization of three choice linear preference intensity) Consider a condi-
tional preference relation 7~ that has no weakly dominated choices and that satisfies the regularity axioms.
Then, 7, satisfies three choice linear preference intensity, if and only if, for every three choices a, b, ¢ it holds
that span(Pyp) N span(Pyc) C span(Pyc).

The conditional preference relation in Figure 2 clearly violates this property, since the vector v in that
figure belongs to both span(P,.p) and span(Ps.), but not to span(Py~.). Hence, in view of the result
above, it cannot satisfy three choice linear preference intensity.

The property above may be seen as a strong version of transitivity of the indifference relation: If a belief
p belongs to both P, and P, then, by transitivity of the indifference relation, p will also belong to Pj-..
The property above states that this relation must also hold outside the belief simplex, where P,y, Py~ and
P,... are replaced by span(P,), span(Py~..) and span(P,..), respectively.
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4.3 Four Choice Linear Preference Intensity

We will now show that in the case of four choices or more, the linearity of preference intensity implies yet an-
other testable condition. Consider four choices a, b, ¢, d, a line of beliefs [, and beliefs pup, Pac, Pad, Poes Pods Ped
on that line where the DM is indifferent between the respective choices. Then, we know by (4.2) that

Aintyra _ Pad(s) — Poa(s)
Aintgeq — Pab(s) — ppa(s)

Aintb>a _ pac(s) _pbc(3> Aint(»—a _ pad<3> - pcd(s)
AZ.ntc>—a pab(s) - pbc(s) ’ AZ.ntol>a pac(s) - pcd(s)

and

(4.3)

Since, by the chain rule, it holds that

Ainty,q  Aintyq  Ainte-q

Aintg,  Aintesq Aintgeq’

it follows by (4.3) that
pad(s) - pbd(S) _ pac(S) _pbc(s) ) pad(S) - pcd(s)
pab(S) - pbd(S) Pab(S) - Pbc(S) pac(s) - pcd(S) .
By cross-multiplication, we thus obtain the following testable condition.

Axiom 4.2 (Four choice linear preference intensity) For every four choices a, b, ¢, d, and for every line
[ of beliefs with beliefs pyup, Pacs Pads Poes Pbds Peda Where the DM is indifferent between the respective choices,
and such that [ contains a belief where the DM is not indifferent between any of these choices, it holds that

(Pab(8) = Poc(8)) - (Pac(s) — Ped(s)) - (Pad(s) — Poa(s)) = (Pab(s) — Pod(s)) - (Pac(s) — Poe(8)) + (Pad(s) — Ped(s))-

for every state s.

This axiom has a consequence which is similar to three choice linear preference intensity: If on a line of
beliefs we know five out of the six indifference beliefs above, then we also know what the sixth indifference
belief should be.

4.4 Representation Theorem

If there are no weakly dominated acts, then the axioms we have gathered so far are not only necessary, but
also sufficient, for an expected utility representation. We thus obtain the following representation result.

Theorem 4.1 (No weakly dominated choices) Consider a finite set of acts A, a finite set of states S,
and a conditional preference relation -, on (A, S) such that no act weakly dominates another act under 7_.
Then, 7~ has an expected utility representation, if and only if, it satisfies completeness, transitivity, conti-
nuity, preservation of indifference, preservation of strict preference, three choice linear preference intensity
and four choice linear preference intensity.
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To obtain an impression for how the proof works, consider the conditional preference relation 7~ with
four choices in Figure 77. Here, we only indicated the preference relation between the four choices in one of
the areas, as to not crowd the picture too much. For the other areas, the preference relations can be derived
by taking into account the lines of indifference between two choices, where the preference relation between
these two choices gets reversed.

It may be verified that 7 satisfies the regularity axioms. Note that the linear spans of all the indifference
lines meet at the same point v outside the belief simplex, and hence we know by Proposition 4.1 that three
choice linear preference intensity is satisfied. Finally, assume that the indifference beliefs p1, ¢o2, g1, 72,71 and
r have been chosen such that the formula for four choice linear preference intensity is satisfied on the line
through these beliefs. This, in turn, implies that the formula will be satisfied on every line of beliefs with
six such indifference beliefs. As such, also four choice linear preference intensity is satisfied.

We will now explain why there is an expected utility representation for - . Start by choosing the utilities
for choice a arbitrarily. Next, fix some o > u(a, z), and find the unique utilities u (b, x), u(b,y) and (b, z)
that satisfy w(b,p1) = u(a,p1), u(b,p2) = u(a,p2) and u(b, z) = a. As we have seen in the previous section,
this amounts to solving a system of linear equations, with three equations and three variables, that admits
a unique solution. Moreover, the utilities found so far represent the conditional preferences between b and
a.

As a next step, find the unique utilities u(c, x), u(c,y), u(c, z) that satisfy u(e,q1) = u(a, q1), u(c,q2) =
u(b, g2) and wu(c,q3) = wu(b,q3). Then, it is easily seen that these utilities will represent the conditional
preferences between ¢ and b. It remains to show that they also represent the conditional preferences between
c and a. As we will see, three choice linear preference intensity will be crucial here. Since the point v lies
on the line through g2 and g3, we know that u(c,v) = u(b,v). Moreover, as v lies on the line through p;
and po, where the expected utilities of a and b are equal, we conclude that u(a,v) = u(b,v). Thus, it follows
that u(a,v) = u(c,v). By the characterization of three choice linear preference intensity in Proposition 4.1,
all the beliefs in P,... lie on the line through v and g1, where the expected utilities of a and ¢ are equal. We
thus see that u(a,p) = u(c,p) for all beliefs p € Py As such, the utilities will represent the conditional
preferences between a and c.

Finally, find the unique utilities u(d, =), u(d,y), u(d, z) that satisfy u(d,r1) = u(a,r1), u(d,ra) = u(b, r2)
and u(d,r3) = u(b,r3). In the same way as above, it then follows that these utilities will represent the
conditional preferences between d and a, and between d and b. It remains to show that they also represent
the conditional preferences between d and c. As we will see, four choice linear preference intensity will be
needed here. Consider the line of beliefs that goes through p1, g2, g1, 72,71 and r, which are all indifference
beliefs. Since 77 satisfies four choice linear preference intensity, the indifference belief r, where the DM
is indifferent between d and c, is uniquely given by the other five indifference beliefs on that line by the
respective formula. Let 2" be the conditional preference relation that is represented by the utility function
u. As 7" satisfies four choice linear preference intensity also, and the utility function u gets the indifference
at the other five indifference beliefs right, it follows that it also gets the indiffence at = right, that is,
u(d,r) = u(c,r). Moreover, at the point v we know that u(d,v) = u(a,v) and u(a,v) = u(c,v), and thus
u(d,v) = u(c,v) as well. Since all beliefs in P..q are on the line between v and r, we conclude that
u(d,p) = u(c,p) for all p € P.4. As such, u also represents the conditional preferences between ¢ and
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d. Altogether, we see that u represents all pairwise conditional preferences, and thus represents the full
conditional preference relation - .

4.5 Unique Relative Utility Differences

So far, we have explored the case where no acts are weakly dominated, and we have identified a system of
axioms that is both necessary and sufficient for an expected utility representation. But how unique is this
representation? As we will see below, the expected utility differences are “typically” unique up to a positive
multiplicative constant.

Theorem 4.2 (Unique relative utility differences) Consider a finite set of acts A, a finite set of states
S, and a conditional preference relation - on (A, S), such that it admits an expected utility representation,
no act weakly dominates another act under ~, and in the case of at least three acts there is a belief where the
DM is indifferent between some, but not all, acts. Then, for every two utility functions u,v that represent
7 there is some « > 0 such that v(a,s) —v(b,s) = a- (u(a,s) — u(b,s)) for all a,b € A and all s € S.

Under the conditions of the theorem, there would be exactly |S|+ 1 degrees of freedom for choosing a
representing utility function: |S| degrees because we can choose the utilities for one of the choices freely at
each of the | S| states, and another degree of freedom because the utility differences at each of the states may
be multiplied by the same positive number without changing the induced conditional preference relation.

Moreover, under these conditions the utility difference u(a,p) — u(b,p) at a belief p, which is unique
up to a positive multiplicative constant, may be viewed as expressing the “preference intensity” between
a and b at p. The conditions above thus guarantee that the relative preference intensities are unique. As
an example, suppose that 0 < wu(a,z) — u(b,xz) = 2 - (u(b,y) — u(a,y)). Then, the DM will be indifferent
between a and b at the belief 1/3[z] + 2/3[y], which seems to reflect that the intensity by which the DM
prefers a to b at x is twice the intensity by which he prefers b to a at y. This indeed corresponds to the fact
that the utility difference between a and b at = is twice as large as at y, in absolute terms. However, we
will not enter the debates on whether such utility differences, or preference intensities, can be interpreted
as reflecting neo-classical cardinal utility (see, for instance, Baccelli and Mongin (2016), Baumol (1958) and
Moscati (2018)).

The above interpretation of the utility differences may no longer hold, however, if the conditions in the
theorem above are not satisfied. Suppose there are three acts a,b and ¢, two states x and y, and let 7~ be
such that a >, b >, cif p(x) > 1/2, a ~p b ~p, cif p(z) =1/2, and ¢ >, b >, a if p(z) < 1/2. Hence, the
three indifference sets P, p, Py~c and Py are all equal to {1/2[x] 4+ 1/2[y|}, and thus coincide. Note that
the utility functions u,v given by u(a,z) = 3,u(b,z) = 2,u(c,z) = 0,u(a,y) = =3,u(b,y) = —2,u(c,y) =0
and v(a,x) = 3,v(b,z) = 1,v(c,z) = 0,v(a,y) = —3,v(b,y) = —1,v(c,y) = 0 both represent 7 . Yet, the
utility differences in u and v differ by more than just a multiplicative constant. The reason is that in this
case, 7~ does not provide us with sufficiently many data to derive the DM’s preference intensity over the
three acts at the various beliefs. A similar phenomenon may arise if there are weakly dominated acts.
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Figure 5: Why previous axioms are not sufficient for general case

5 General Case

In this section we start with an example showing that the previous axioms may no longer guarantee an
expected utility representation if weakly dominated acts are allowed. This leads us to introduce a new
system of axioms. The first axioms are translations of the previous axioms to so-called signed beliefs, which
allow for negative “probabilities”. We argue why these translations make intuitive sense. The last few
axioms deal with scenarios where the preference intensity between two choices is constant across all beliefs.
It is shown that the new axiom system so obtained is both necessary and sufficient for an expected utility
representation in the general case.

5.1 Why Previous Axioms are Not Sufficient

2 in Figure 5, where b strictly dominates ¢ and d strictly
dominates a. It may be verified that - satisfies the regularity axioms. Moreover, it trivially satisfies three
choice linear preference intensity since for every three choices there is at least one pair for which the DM
is never indifferent between the choices in that pair. Also, it trivially satisfies four choice linear preference
intensity since the DM is never indifferent between a and d, and never indifferent between b and c.

Despite this, 77 does not have an expected utility representation. Indeed, if the utility function u were to
represent ~, then the utility of b would be equal to the utility of ¢ at the points v and w outside the belief
simplex. This would imply that the utility of b would be equal to the utility of ¢ at the belief p*. However,
the DM strictly prefers b to ¢ at p*, which is a contradiction.

Consider the conditional preference relation =~
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Figure 6: Relative change of linear preference intensities

5.2 Signed Indifference Beliefs

This naturally begs the question: What is “wrong” with the conditional preference relation in Figure 57 We
will see that it violates the idea of linear preference intensity once we step outside the belief simplex.

To see what we mean by this, consider a line of beliefs [, three choices a, b, ¢, and their relative preference
intensities on [ as depicted in Figure 6. In the picture we have extended the line [ outside the belief simplex.
The part inside the belief simplex is the line segment between the two dotted lines. Note that on the line [
inside the belief simplex, the intensity by which the DM prefers ¢ to a is always higher than the intensity
by which he prefers b to a, and hence the DM always prefers ¢ to b on the line [ inside the belief simplex.
In particular, the DM is never indifferent between b and ¢ on the line [ inside the belief simplex.

However, if we extend the line [ and the preference intensities int.. o, inty., outside the belief simplex,
then there is a point on this line, g;., where the “preference intensity” between ¢ and a is equal to the
“preference intensity” between b and a. We put “preference intensity” between quotes here because we refer
to a point gp. which is not a belief. Such a point ¢ is called a signed belief as it involves negative values,
but the sum of all values is still equal to 1. As the “preference intensities” between b and a and between c
and a are the same at g, we could say that the DM is “indifferent” at the signed belief gp.

The real meaning of this signed indifference belief gp. is that it determines the relative change rate of
the preference intensities between b and a and between ¢ and a inside the belief simplex. Indeed, similarly
to what we have seen in Section 4.2, it can be derived from Figure 6 that

Aintb>a _ pac(s) - ch(s)
Aintesq pab(s) - ch(s)

whenever the probability of state s is not constant on the line [.

Based on this insight, it becomes meaningful to extend conditional preference relations to signed beliefs
outside the belief simplex. This yields the definition of a signed conditional preference relation below.
Formally, a signed belief is a vector ¢ € R® where >, ¢ ¢q(s) = 1. It thus allows for negative values ¢(s) at
some states.
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Definition 5.1 (Signed conditional preference relation) A signed conditional preference relation 7-*

assigns to every signed belief g some preference relation Z; over the acts.

In the following subsection we will argue that each of the previous axioms can naturally be extended to
signed conditional preference relations, and that these extended axioms are meaningful.

5.3 Extending Axioms to Signed Beliefs

The axioms we have seen so far can be extended to signed conditional preference relations, as will be shown
below. As an additional piece of notation, let Q4 be the set of signed beliefs ¢ with a ~7 b. The sets Qg+,
and Qus+p are defined analogously. Moreover, by a line of signed beliefs we mean a set | = {(1 — A)g + \r |
A € R} where ¢, r are some signed beliefs. Two lines of signed beliefs [,1’ are called parallel if for every q,r
in [, and every ¢/, in I, there is some p € R with ¢ — r = pu(¢’ — r').

Definition 5.2 (Extension of axioms to signed beliefs) The following axioms are direct extensions of
our previous axioms to signed conditional preference relations:
Completeness: For every signed belief q and any two acts a,b € A, either a ZZ; b or b Z; a.

Transitivity: For every signed belief q and every three acts a,b,c € A with a 3 b and b ZZ; c, it holds that
azyc

Continuity: For every two different acts a,b € A and every two signed beliefs ¢ € Qqvxp and 1 € Qpyrq,
there is some X\ € (0, 1) such that (1 — \)g + Ar € Qqrp-

Preservation of indifference: For every two different acts a,b € A and every two signed beliefs ¢ € Qg+
and r € Qg~+p, we have that (1 — N)qg + Ar € Qqxp for all X € (0,1).

Preservation of strict preference: For every two different acts a,b € A and every two signed beliefs
q € Qgr+p and 1 € Qqy+p, we have that (1 — N\)g + A\ € Qqp+p for all A € (0,1).

Three choice linear preference intensity: For every three acts a,b, c, for every line | of signed beliefs
with signed beliefs qup, Qpe, Que Where the DM is “indifferent” between the respective acts and which contains
a signed belief where the DM is not indifferent between any of these acts, every line I' parallel to | with
signed beliefs g, q;., 4, where the DM is “indifferent” between the respective acts and which contains a
signed belief where the DM is not indifferent between any of these acts, it holds that

(4ab(5) = @ue(5)) * (Gac(s) = @he(5)) = (qap(s) — he(5)) - (dac(s) — qve(s))
for every state s.

Four choice linear preference intensity: For every four acts a,b,c,d, and for every line | of signed
beliefs with signed beliefs qqup, Gac, Qads Qbe, Gbd> Ged Where the DM is “indifferent” between the respective acts
and which contains a signed belief where the DM is not indifferent between any of these acts, it holds that

(9ab(8) = qve(8))  (qac(s) — qea(s)) - (qaa(s) — qva(s)) = (qab(s) — qba(s)) - (dac(s) — @be(8)) - (qaa(s) — Gea(s))-

for every state s.
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Figure 7: Regularity axioms for signed beliefs

We will now argue that also these axioms may be viewed as consequences of linear preference intensity.
Suppose that the DM’s preference intensities change linearly with the (signed) belief. To justify the last
two axioms, consider a line [ of signed beliefs, three choices a, b, ¢, and signed beliefs qup, Gac, gpe On the line
[ where the DM is “indifferent” between the respective choices. Similarly to what we have seen for Figure
6, it can then be concluded that

AZ.ntb>a o Qac(s) - ch(s)
AZ'ntc»a Qab(s) - ch(s)

whenever the probability of s is not constant on the line I. Now, take a second line I’ of signed beliefs with
indifference beliefs ¢/, q.,, ;.- Then, it follows by the same arguments as in Section 4.2 that the equation
above for three choice linear preference intensity must hold. Moreover, by essentially copying the arguments
in Section 4.3, we can also establish the equation above for four choice linear preference intensity.

To see why the third, fourth and fifth axiom above are meaningful, consider, as an example, the signed
conditional preference relation in Figure 7. It depicts the conditional preferences between two choices, a and
b. Moreover, for every belief it shows the intensity by which the DM prefers a to b, along the vertical axis.
In particular, the DM always prefers a to b for every belief, but this preference intensity varies in a linear
fashion with the belief.

Note that these preference intensities are captured by the signed conditional preference relation shown
in the same figure. Indeed, if we linearly extend the preference intensity levels outside the belief triangle,
then the signed beliefs where the DM is “indifferent” are exactly those points where the preference intensity

(5.1)

is zero.
On the basis of this figure, we will now argue that the signed conditional preference relation ~~* must
satisfy the third, fourth and fifth axiom. We will start with continuity. Take two signed beliefs, q; and g¢o,
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where a -7 b and b -7, a. See Figure 7 for an illustration. Then, it can be seen that there is a signed belief
q3 on the line segment between ¢; and ¢ where the DM is “indifferent”. This establishes continuity.

We next consider preservation of indifference. Take two signed beliefs, g3 and ¢4, where the DM is
“indifferent”. See Figure 7 for an illustration. Then, for every signed belief on the line segment between g3
and ¢4, the DM would also be “indifferent”. Thus, preservation of indifference holds.

Now, consider preservation of strict preference. Consider a belief g3 where a 7, b and a belief ¢ with
a =3, b. See Figure 7 for an illustration. Then, it can be seen that at every belief on the line segment
between g3 and ¢; (excluding g3 and ¢q;) the DM “strictly prefers” a to b. This yields preservation of strict
preference. The axioms of completeness and transitivity need no further explanation.

Let us now go back to the conditional preference relation - in Figure 5, for which we have argued that
no expected utility representation exists. It turns out that 7 cannot be extended to a signed conditional
preference relation ~—* that satisfies all of the axioms above. To see this, note that, in view of preservation
of indifference and preservation of strict preference, Qg+, and @Q4~*. must be the linear extensions of P,
and P,.. outside the belief simplex, and thus they meet at the signed belief v in Figure 5. By transitivity of
~* it would then follow that v € Qpx.. By a similar argument, it also would follow by the axioms that w €
Qp~+c. But then, by preservation of indifference and preservation of strict preference, Qp.«. must be the line
of signed beliefs that goes through v and w. In particular, Q)+, intersects the belief simplex, which means
that there are beliefs at which the DM is indifferent between b and c. This is a contradiction, since b strictly
dominates c¢. Thus, - cannot be extended to a signed conditional preference relation 7—* that satisfies all of
the axioms.

5.4 Constant Preference Intensity

Above we have extended the axioms we established so far to signed conditional preference relations. Clearly,
every (traditional) conditional preference relation 7~ can be extended to a signed conditional preference
relation 7—*. By this, we mean that the restriction of Z* to (traditional) beliefs coincides with - . But then,
the question whether >~ has an expected utility representation is equivalent to the question whether >~ can
be extended to a signed conditional preference relation 2* that has an expected utility representation. By
the latter, we mean that there is a utility function u such that for every two choices a,b and every signed
belief ¢ we have that
a Zy b if and only if u(a, q) > u(b, q).

The system of axioms we have established above is not sufficient, however, to guarantee that a signed
conditional preference relation 7-* has an expected utility representation. To see this, consider the conditional
preference relation in Figure 8. It may be verified that the signed conditional preference relation satisfies
each of the axioms above. Note that in this signed conditional preference relation, the DM “prefers” a to
b and a to ¢ for every signed belief. In terms of utilities, this means that the expected utility difference
between a and b and between a and ¢ must be constant for every signed belief ¢, since otherwise there would
be some signed belief ¢ where the expected utility difference becomes zero. But then, the expected utility
difference between b and ¢ must also be constant across all signed beliefs, which means that either the DM
is “indifferent” between b and c for all signed beliefs, or for no signed belief. This, however, contradicts
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Figure 8: Constant preference intensity

Figure 8, where the DM is indifferent between b and ¢ for some, but not all, beliefs. As such, we conclude
that an expected utility representation is impossible.

The problem is that the signed conditional preference relation exhibits a constant preference intensity
between a and b and between a and ¢, but not between b and ¢, which is counterintuitive. To see this,
recall that the DM “prefers” a to b and a to ¢ for every signed belief, which means that the intensity by
which he prefers a to b and a to ¢ must be constant across all signed beliefs. Indeed, since we assume that
the preference intensity between two choices changes linearly with the (signed) belief, any non-constant
preference intensity would become zero at some signed belief ¢, and hence the DM would be “indifferent”
between the two choices at q.

In other words, the signed conditional preference relation above violates transitivity of constant prefer-
ence intensity: There is constant preference intensity between b and a, and between a and ¢, but not between
b and c. This gives rise to our axiom transitive constant preference intensity below. To define the axiom
formally, we must first be precise about the meaning of constant preference intensity.

Definition 5.3 (Constant preference intensity) A signed conditional preference relation =* exhibits
constant preference intensity between two choices a and b if either a >y b for all signed beliefs q, or
b 3 a for all signed beliefs q.

We can now formally state the axiom announced above.

Axiom 5.1 (Transitive constant preference intensity) For every three acts a,b,c where 7-* exhibits
constant preference intensity between a and b and between b and c, there must also be constant preference
intensity between a and c.
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If there is constant preference intensity between two or more acts, then this will also have consequences
for the formula of four choice linear preference intensity. To see this, consider four choices a,b,c,d, and a
line [ of signed beliefs with associated indifference beliefs. Suppose now that the preference intensity between
c and d is constant. Then, the preference intensity between a and c and the preference intensity between
a and d will only differ by a constant. In particular, the change rate of the preference intensity between a
and c will be the same as between a and d. Thus,

Alintap(q))  Alintaep(q))

Alintasa(q))  Alintec(q))

Since
A(inta>b<Q)) _ Qad(s) - de(s) and A(int(w-b(q» _ Qac(s) - ch(s)

A(inta>d(Q)) Qab(s) - de(s) A(int(v—c(q» Qab(s) - ch(s)

it follows that
qad(S) - de(S) _ Qac(s) - ch(s)

qab(5) — @d(s)  qav(s) — qve(s)

We thus obtain the formula

(9ab(8) — @be(8)) - (qad(s) — qva(s)) = (qab(s) — qva(5)) - (dac(s) — qve(s))- (5.2)

Suppose, in addition, that the preference intensity between a and b would also be constant. Thus, the
preference intensities between a and b, and between ¢ and d, would both be constant. On a line of signed
beliefs the preference intensities between the various pairs of choices would then yield a picture similar to
that in Figure ?7. The difference between the preference intensity between a and d on the one hand and
the preference intensity between b and d on the other hand must always be equal to the constant preference
intensity a between a and b. As such, the line of the preference intensity between b and d is parallel to the
line of the preference intensity between a and d. In fact, the first line is obtained by the second line if we
shift it downwards by the amount «. From the picture it can clearly be seen that

Gac(8) = qbe(8) = qad(s) — qba(s) (5.3)
for every state s. The formulas (5.2) and (5.3) lead to the following axiom.

Axiom 5.2 (Four choice linear preference intensity with contant preference intensity) Forevery
line of signed beliefs I, and for every four choices a, b, ¢, d such that there is a signed belief on this line where
the DM is not “indifferent” between any pair of choices in {a,b,c,d}, the following holds:

(a) if there is a constant preference intensity between ¢ and d, but not between the other five pairs of choices,
then for every five signed beliefs qup, Gac, Qads Qoe and qpq on the line | where the DM is “indifferent” between
the respective choices, it holds for every state s that

(qab(8) — @be(8))  (qad(s) — qva(s)) = (qab(s) — qwa(5)) - (dac(s) — qve(s));
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(b) if there is a constant preference intensity between a and b, and between ¢ and d, but not between the
other four pairs of choices, then for every four signed beliefs quc, Gad, Qpe and qpq on the line | where the DM
is “indifferent” between the respective choices, it holds for every state s that

Qac(s) - ch(s) = Qad(s) - de(s)-

It turns out that the axioms we have established in section are both necessary and sufficient for an
expected utility representation in the general case. We thus obtain the following general representation
result.

Theorem 5.1 (Expected utility representation) Consider a finite set of acts A, a finite set of states
S, and a conditional preference relation 7, on (A,S). Then, 7 has an expected utility representation, if
and only if, =~ can be extended to a signed conditional preference relation -*that satisfies completeness,
transitivity, continuity, preservation of indifference, preservation of strict preference, three choice linear
preference intensity, four choice linear preference intensity, transitive constant preference intensity and four
choice linear preference intensity with constant preference intensity.

Since many of these axioms may be viewed as testable conequences of linear preference intensity, the
result above shows that we may interpret expected utility as an expression of linear preference intensity.

6 Discussion

(a) Comparison with Savage. One important difference with the framework of Savage (1954) is that
we view the DM’s belief as a primitive notion, from which we can derive his preference relation over acts.
This is precisely how a conditional preference relation is defined: It takes the belief as an input, and delivers
the preferences over acts as an output. One of the beautiful features of the Savage framework is that the
DM’s belief can be derived from his preferences over acts. That is, Savage views the DM’s preferences over
acts as the primitive notion, which then induces his belief. There has been a long-standing debate about
which of the two, belief or preferences, should be taken as the primitive object, and we do not want to enter
this debate here. But the logic that underlies our framework is that the DM first reasons himself towards a
belief, then forms his preferences over acts based on this belief, which finally allows him to make a choice
based on this preference relation.

Another difference with Savage lies in the role of the utility function. In our model, the utility function
generates the DM’s preferences over acts for all possible beliefs over the states. As the Savage axiom system
leads to a unique probabilistic belief over states, the utility function in the Savage framework can only be
viewed in combination with this specific belief.

A final difference we would like to stress concerns the uniqueness of the utility representation. Recall
from Theorem 4.2 that in the absence of weakly dominated acts there are |S|+ 1 degrees of freedom for the
utility function in our framework, provided there is a belief where the DM is indifferent between some, but
not all, acts in the case of at least three acts. Unless all acts are equivalent, this is also the smallest number
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of degrees of freedom possible. There may be more degrees of freedom, up to |A| - |S|, which would be the
case if every act strictly dominates, or is strictly dominated by, another act.

In the Savage framework, on the other hand, the utility representation is always unique up to a positive
affine transformation, leaving only two degrees of freedom. The reason is that a DM in the Savage framework
holds preferences over all possible mappings from states to consequences, providing us with “more data”
that restrict the possible utilities compared to a DM in our framework. However, the two degrees of freedom
in Savage’s framework are only possible because Savage’s axiom of small event continuity implies that there
are infinitely many states. We assume only finitely many states, but our “richness of data” comes from the
fact that a conditional preference relation specifies a preference relation for infinitely many beliefs (if there
are at least two states).

(b) Other foundations for expected utility in decision problems and games. The foundation
for expected utility that is closest to ours is by Gilboa and Schmeidler (2003). As already stressed in the
introduction, they also impose conditions on conditional preference relations. However, their axiom system
is sufficient but not necessary for an expected utility representation. More precisely, it singles out those
conditional preference relations that can be represented by a diversified utility function. That is, a utility
matrix where no row is weakly dominated by, or equivalent to, an affine combination of at most three other
rows. The crucial axiom in their analysis is diversity, which states that for every strict ordering of at most
four acts there must be at least one belief for which that ordering obtains in the conditional preference
relation at hand.

In contrast, we impose no restrictions on the utility matrix that can be used to represent the conditional
preference relation. In particular, we allow for non-diversified utility matrices and, correspondingly, allow
for non-diversified conditional preference relations. Note that all examples in this paper with three or
four acts were examples of non-diversified conditional preference relations, having a non-diversified utility
representation. By definition, diversity does not allow for weak dominance between acts. It may also be
verified that the diversity condition exludes all cases with two states and more than two acts, and all cases
with three states and more than three acts. Indeed, if we have two states and at least three acts, then
there are 6 possible strict orderings on three acts, but at most 4 of these orderings will be possible in
a regular conditional preference relation. Similarly, if we have three states and at least four acts, then
there are 24 possible strict orderings on four acts, but at most 16 of these will be possible in a regular
conditional preference relation. On the other hand, Gilboa and Schmeidler (2003) allow for infinitely many,
even uncountably many, acts and states, whereas we do not.

Jagau (2022) shows that the regularity axioms, together with the axioms of constant preference intensity
and transitive preference sensitivity, are necessary and sufficient for an expected utility representation if
there are preference reversals between all pairs of choices. Constant preference intensity and transitive
preference sensitivity closely correspond to our axioms of three choice linear preference intensity and four
choice linear preference intensity, respectively.

Perea (2020) proves that the regularity axioms, together with the axiom ezistence of a uniform preference
increase, are both necessary and sufficient for an expected utility representation. The existence of a uniform
preference increase states that from the conditional preference relation at hand, one should be able to increase
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the preference intensity between a fixed choice a and each of the other choices by a uniform amount.

Anscombe and Aumann (1963) extend Savage’s framework, by letting an act induce an objective prob-
ability distribution, or lottery, on consequences at every state. It is assumed that the DM has preferences
over all such Anscombe-Aumann acts. They then formulate a system of axioms and show that it is both
necessary and sufficient for there being an expected utility representation for the DM’s preference relation
over Anscombe-Aumann acts.

Luce and Raiffa (1957)’s formulation of a decision problem under uncertainty is rather similar to ours,
in that they view the DM’s sets of actions and states as primitive notions. On top of this, they assume
a consequence mapping, assigning to every act and state the consequence that results. Battigalli, Cerreia-
Vioglio, Maccheroni and Marinacci (2017) show how the Anscombe-Aumann model can be reconciled with
the Luce-Raiffa framework, by letting the DM hold preferences over mixed actions in the Luce-Raiffa model,
and proposing an axiomatic characterization of expected utility within this setup.

Fishburn (1976) and Fishburn and Roberts (1978) concentrate on games, and assume that every player
holds a preference relation over the combinations of randomized choices — or mixed strategies — of all the
players. Combinations of mixed strategies may be viewed as lotteries with objective probabilities on the
set of possible (pure) choice combinations in the game. By imposing certain axioms on these preference
relations over mixed strategy combinations, they are able to identify those that admit an expected utility
representation. It may thus be viewed as a generalization of von Neumann and Morgenstern’s (1947)
axiomatic characterization of expected utility for lotteries. The crucial difference with our approach is that
we do not consider randomizations over choices, and that we use conditional preference relations as the
primitive, rather than preferences over lotteries with objective probabilities.

In Aumann and Dreze (2002), a game is modelled as a mapping that assigns to every choice combination
by the players a lottery over consequences for each of the players. The DM (a player in the game) is then
assumed to hold a preference relation on the probability distributions over such mappings. Aumann and
Dreze (2005) take a different approach, by supposing that the DM in a game holds a preference relation on
lotteries which are defined over his own choices and over the possible consequences in the game. In both
papers, it is shown that certain axioms on the preference relation lead to an expected utility representation
that involves a unique, or essentially unique, probabilistic belief for the DM about the opponents’ choice
combinations. In that sense, these results are similar to Savage (1954). Another similarity is that also the
models by Aumann and Dréze require the DM to hold preferences over objects that do not correspond to
acts in the decision problem at hand.

Much in the spirit of the present paper, Mariotti (1995) also points out that a DM in Savage (1954)
is required to hold preferences over acts that do not belong to his actual decision problem, and finds
this problematic. Mariotti (1995) goes even further, and shows that certain game-theoretic principles are
inconsistent with the axioms of completeness and monotonicity in Savage’s framework, thus establishing a
degree of “incompatibility” between games on the one hand and the framework of Savage on the other hand.

(c) Comparison with von Neumann and Morgenstern. In their foundation for expected utility,
von Neumann and Morgenstern (1947) (vNM from now on) concentrate on lotteries, which are objective
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probability distributions on a fixed set of possible consequences. They impose axioms on preference relations
over such lotteries, and show that they single out those preference relations admitting an expected utility
representation. Despite the conceptual difference between objective probabilities and subjective beliefs, as
we use them in our framework, there is a strong mathematical relationship between our approach and that
of vINM. In our framework, an act a, in combination with a belief p, can mathematically be identified with a
vINM lottery over consequences (b, s) € A x S, where every consequence (b, s) occurs with probability p(s) if
b = a, and occurs with probability zero if b # a. Call this lottery I(a, p). Now consider a conditional preference
relation, which is a collection of preference relations 7, over acts, one for each possible probabilistic belief
p. It can thus be identified with a partial preference relation in vNM where only lotteries I(a,p) and (b, p)
corresponding to the same belief p are ranked. In that sense, vINM require the DM to rank more lotteries
than in our framework. As most of the vNM axioms require comparisons between lotteries that are not
ranked within our framework, the vNM axiom system is not directly applicable to our setup.

(d) Comparison with state-dependent preference theory. Our notion of a conditional preference
relation requires the DM to envisage a preference relation over acts for every probabilistic belief over states
that is possible. Assuming that the DM holds an “actual” belief, this means that the DM must also reason
about preference relations he would have contingent on hypothetical beliefs. In a decision problem this makes
sense as the DM could change his belief in the light of new information, or because of new insights during
his reasoning process. If the DM anticipates on revising his belief in the future then it seems natural for
him to think about the preferences he would have as a result of changing beliefs. In games the need for
preferences contingent on hypothetical beliefs is even more prominent, as the DM will be uncertain about
the actual belief that his opponent holds in the game. The DM must therefore reason about the preference
relation over acts that his opponent will hold for every possible belief the opponent may have. By fixing a
utility matrix in a game with complete information, we thus assume that the players know the opponents’
conditional preference relations, without knowing their precise beliefs.

Our axiom system singles out precisely those conditional preference relations where the DM’s preferences
at the various beliefs can all be represented by the same utility function. It thus imposes some “consistency”
between the preference relations at the different beliefs. In this sense, our analysis is similar to the state-
dependent preference framework that has been presented in Karni, Schmeidler and Vind (1983) and Wakker
(1987), for instance. Different from Savage, these papers assume that the DM’s preferences over consequences
may depend on the specific state. In their consistency axiom, Karni, Schmeidler and Vind (1983) assume
the DM to envisage a preference relation over acts contingent on a hypothetical belief, and require the DM’s
actual preference relation to be consistent with the latter preference relation. In our setting, we impose even
more: We require the DM’s actual preference relation over acts, based on his actual belief, to be consistent
with the entire system of preference relations contingent on each of the other possible beliefs.

(e) Comparison with case-based decision theory. Case-based decision theory, as originally formulated
in Gilboa and Schmeidler (1995), assumes that the DM evaluates an act based on how this act performed
in previous decision problems. More precisely, assume that C represents the collection of decision problems,
or cases, the DM faced in the past, and that s(c) measures the similarity of decision problem ¢ to the
present decision problem. Then, the desirability of an act a in the present decision problem is measured by
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> ccc 5(¢) -u(a,c), where u(a, c) is the utility that selecting act a generated in decision problem c.

Our framework can be embedded into case-based decision theory as follows: If a conditional preference
relation is represented by a utility function u, then the desirability of an act a in the present decision
problem, for a given p € A(S), is given by > __¢p(s) - u(a,s). Now suppose that the states s represent
decision problems that the DM faced in the past, and that p(s) measures the similarity of problem s to the
decision problem he is facing now. Then, the measure for the desirability of act a resembles exactly that in
Gilboa and Schmeidler (1995).

Alternatively, one could still interpret p as a probabilistic belief over states, and identify every state s
with the degenerate belief [s] that assigns probability 1 to s. Suppose that, for some reason, the DM has had
each of these degenerate beliefs [s] in the past, and remembers the utility u(a, s) that each act a generated
under that belief. Then, every belief [s] can be viewed as a case in the Gilboa-Schmeidler framework. If the
DM’s actual belief is p, then the belief probability p(s) can be viewed as the similarity of the actual belief p
to the past belief [s]. Also in this scenario, the measure for the desirability of act a in the actual problem,
with the actual belief p, coincides with that of the Gilboa-Schmeidler framework.

(f) Utility differences as preference intensities. In Theorem 4.2 we have shown that under certain
conditions, the utility differences are unique up to a positive multiplicative constant. In that case, the
expected utility difference between two acts a and b at a state s may be interpreted as the “preference
intensity” between a and b at the state s. This is similar to how utility differences are interpreted in Anscombe
and Aumann (1963) and Wakker (1989). The state independence axiom in Anscombe and Aumann (1963)
states that the preference relation over objective lotteries on consequences must be independent of the state.
This implies, in turn, that the utility differences between two consequences must be the same at every state,
and these may be viewed as expressing the “preference intensity” between the two consequences.

The key condition in Wakker’s (1989) axiom system is state independent preference intensity. The main
idea is that the “preference intensity” between two consequences c¢; and co at a state s can be measured
by taking two acts, where one is strictly preferred to the other, and replacing the two acts at state s by ¢;
and co, respectively, such that the DM becomes indifferent between the two new acts. State independent
preference intensity requires that if the preference intensities between ¢; and co and between cg and ¢y
coincide at one state, then they must coincide at all states. In that case, the utility difference between two
consequences will always be the same at all states, and may thus be viewed as expressing the “preference
intensity” between the two consequences.!

(g) Linear preference intensity. The axiomatic characterizations in this paper show that expected utility
may be viewed as an expression of linear preference intensity. Indeed, some of the regularity axioms for two
choices, the axioms of three and four choice linear preference intensity for more than two choices, and their
extensions to signed beliefs, represent consequences of scenarios where the preference intensity between two
choices changes linearly with the belief. But how natural is this idea of linear preference intensity? From a
behavioral and empirical point of view, one could conduct behavioral experiments to test these axioms. On
a more theoretical basis, the idea states that (i) the change in preference intensity should only depend on the

'Also in vNM-settings, expected utility differences are often interpreted as representing preference intensities. See, for
instance, Borgers and Postl (2009), which focusus on voting scenarios between two parties.

26



change in belief, not on the particular initial and final belief, thereby revealing a specific type of invariance,
and (ii) for a given direction of belief change, the change in preference intensity must be proportional to the
size of the belief change. Conceptually, it thus represents the simplest possible way in which the preference
intensity can vary with the belief. A problem, of course, is that preference intensity cannot be measured
directly, but the axioms represent some verifiable properties that logically follow from the assumption of
linear preference intensity.

(h) Belief revision. A conditional preference relation does not only specify the DM’s preferences over
acts for a given belief, but also describes how these preferences would change if he were to revise his belief
in the light of new information. In a dynamic decision problem or game it may happen, for instance, that
some state is ruled out by some new information, forcing the DM to change his belief in response. And such
information events may even take place sequentially, such that more and more states can be ruled out. The
notion of a conditional preference relation is thus able to describe how the DM’s preferences would change
as a result of belief revision during the course of a dynamic decision problem or game.

(i) Game theory with conditional preference relations. In principle we could build an entire theory
of games based on conditional preference relations, which may or may not satisfy our system of axioms. In
a game, the DM would be a player ¢, his set of acts A; would be the set of actions in the game, and the
states would be the set S; = X,;.;A; of opponents’ action profiles. Fix a conditional preference relation
> for every player i. A Nash equilibrium (Nash (1950, 1951)) could be defined as a tuple of probability
distributions (o;);er, with o; € A(A;) for every player 4, such that o;(a;) > 0 only if a; is optimal for the
induced preference relation bf;_1 . Here, o_; denotes the product of the probability distributions o; for
j # i, which is a probability distribution over A_; and hence a belief for player i. With this definition, a
Nash equilibrium is thus interpreted as a tuple of beliefs about the opponents’ actions, as in Aumann and
Brandenburger (1995).

Similarly, correlated rationalizability (Brandenburger and Dekel (1987), Bernheim (1984), Pearce (1984))
could be defined by the recursive procedure where AY := A; for all players 4, and

A¥ .= {a; € A¥71 | a; optimal for i;b for some p; € A(AFT1)}

for every k > 1. In fact, most — if not all — concepts in game theory could be generalized in terms of
conditional preference relations.

(j) Equivalent acts. In this paper we have restricted attention to scenarios where no two acts are
equivalent. In fact, our entire analysis can easily be extended to the case where equivalent acts are allowed.
Suppose we start with a set of acts A where some acts are equivalent. Then, we can partition A into
equivalence classes {41, Ao, ..., Ax} with representative acts ai,as,...,ax, and subsequently restrict the
conditional preference relation 7~ to the set A’ = {aq,as,...,ax}, resulting in a new conditional preference
relation 7’ . Then, Theorem 5.1 can be generalized as follows: The conditional preference relation =~ has an
expected utility representation, if and only if, =’ satisfies the conditions in Theorem 5.1. The proof is easy:
If =/ satisfies the conditions in the theorem, then by the same theorem it is represented by a utility function
u. Extend u to a utility function v on A x S by setting v(a, s) := u(ag, s) for all acts a € A and all s € 5,
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where a € Ay. Clearly, v will then represent - . In the same way, the other results in this paper can also be
extended to cases that allow for equivalent acts.

7 Appendix

7.1 Additional Mathematical Definitions

We now provide some additional mathematical definitions needed for the proofs. Consider a linear subspace
V of RX, and vectors vy, ..., v € V. The set of vectors {vy,...,vx } is a basis for V if vy, ..., vx are linearly
independent, and span({v1,...,vx}) = V. Every basis for V' has the same number of vectors, and this number
is called the dimension of V, denoted by dim (V). If V' = {0}, then dim(V) = 0.

For every two vectors v,w € RX, the vector product is given by v - w := Y orex v(x)w(z). A hyperplane
is a set of the form H = {v € RX | v-w = ¢}, where w € R*\{0} and ¢ € R. If ¢ = 0 then H is a linear
subspace of dimension |X| — 1, where |X| denotes the number of elements in X.

A linear combination v = A\jv1 + ... + Axvx, where vy, ...,vx € RX and A\, ..., \x € R, is called a convex
combination if A,...,Ax > 0and A\ + ... + Ag = 1.

7.2 Proof of Section 3

In this subsection we will prove Theorem 3.1 for two choices. Before doing so, we first derive three preparatory
results. The first characterizes the span of the set of beliefs where the DM is indifferent between a and b.

Lemma 7.1 (Span of an indifference set) Consider a conditional preference relation 77 that satisfies
preservation of indifference, and two choices a and b. Then,

span(Pyp) = {11 + Aop2 | p1,p2 € Pynp and A1, A2 € R},
Proof. Let
A= {\p1 + Xap2 | p1,p2 € Pyup and A, Ao € R}

We will show that span(P,;) = A. Clearly, A C span(P,~s). Hence, it remains to show that span(P,p) C
A. Take some p € span(P,p). Then, there are some beliefs p1, ..., i, Pkt1s s Pktm € Pap and numbers
ALy oeey Aky Akt 1y ooes A > 0 such that

P =Ap1+ oo + APk — Aot 1Pk41 — oo — MetmPhgm- (7.1)

Let a1 := A1+ ...+ Ay and ag := A1 + ... + A If @3 > 0 and g > 0, then define the vectors

A1

Ak Ak41 Ak
1= =1+ o+ —pp and ga 1= Py o
aq aq ag

Pk+m-
2

It may be verified that q; and ¢ are convex combinations of beliefs in P,.;. Hence, by repeatedly using
preservation of indifference, it follows that q1,q2 € P,p. By (7.1) we have that p = a1q1 — aege, and thus
p € A
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If a7 > 0 and ag = 0, then we have that p = a1¢1 +0-¢1, which is in A. The case when vy = 0 and ap > 0
is similar. Finally, when oy = 0 and ag = 0, then p =0 p; + 0 - p2 for two arbitrary beliefs p1,p2 € P,p,
and hence p € A.

In general, we thus see that every p € span(P,p) is also in A, and thus span(P,;) C A. Together with
the observation above that A C span(P,~p), we conclude that span(P,.y) = A. This completes the proof.l

The second preparatory result contains some further properties of the set of beliefs where the DM is
indifferent between a and b, gathered in Lemma 7.2. In this lemma, we denote by S, the set of states s
where a ~y b.

Lemma 7.2 (Linear structure of indifference sets) Suppose there are two choices, a and b, and n
states. Consider a conditional preference relation - that satisfies the regularity axioms. Then, the following
properties hold:

(a) Py = span(Pyp) NA(S);

(b) if - has preference reversals between a and b, then span(P,.p) is a hyperplane with dimension n — 1,
and there is a full support belief p € P,y with p(s) > 0 for all s € S;

(c) if a weakly dominates b under 7 then Pop = {p € A(S) | Yo icq, , P(s) = 1}

Proof. (a) Clearly, P,y C span(P,~p) N A(S). It remains to show that span(P,py) N A(S) C P,p. Take
some p € span(Pyp) N A(S). Then, by Lemma 7.1, there are beliefs p1, p2 € P, and numbers A1, A2 such
that p = A1p1 + Aape. Since p € A(S), we must have that ) .4 p(s) = 1. Moreover, as p1, p2 are beliefs, it
holds that ) _¢pi(s) = > ,cgp2(s) = 1. But then, it must be that A; + Ay = 1.

Suppose first that Ay = 0. Then, Ao = 1, and hence p = py, which is in P,.p;. The case where Ay = 0 is
similar. Assume next that Ay, A > 0. As Ay + Ay = 1, it follows that p is a convex combination of p; and
p2, which are both in P,.p. By preservation of indifference, it follows that p € P,.p.

Suppose now that Ay > 0 and Ao < 0. Since A1 + Ay = 1, it must be that A\; > 1. Hence, we have that

1 A 1 1
pL=—p—pp=—p+ (1——)p2 (7.2)

ATA A1 A1
since Ao = 1 — A1. As A\ > 1, it follows that p; is a convex combination of p and py, where p; and py are
both in Pawb-

We will show that p must be in P,.;. Suppose, on the contrary, that p ¢ P,.p. Assume, without loss of
generality, that p € P,. ;. Then, it follows from (7.2) and preservation of strict preference that p; € Py,
which is a contradiction. Hence, p € P,.p. The case where A\; < 0 and Ay > 0 is similar. In general, we
conclude that every p € span(P,p) N A(S) is also in P,p. Hence, span(P,p) N A(S) C P,p. As we have
already seen that P, C span(P,~p) N A(S), we have that P,, = span(P,wp) N A(S).

(b) Suppose that = has preference reversals on {a,b}. Then, there must be a state x where a =, b, and
another state y where b =, a. Here, we write a =, b as a short-cut for a =, b. By continuity, there must
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be a belief po = (1 — A2)[z] + A2]y] on the line segment between [z] and [y] where a ~p, b. Now, let the
remaining states be numbered sg, ..., s,, such that

a s, bforal ke {3, .. m},
b>s, aforallke{m+1,...,m+1}, and
anr~g bforallke {m+1+1,..,n}.

We choose (i) for every k € {3,...,m} a belief pr = (1 — Ag)[sk] + Ak[y] with a ~,, b, (ii) for every
ke {m+1,..,m+1} abelief p, = (1 — Ag)[sk] + Ai[z] with a ~, b, and (iii) for every k € {m+1+1,...,n}
the belief py = [s] with a ~y, b.

We will now show that ps,...,p, are linearly independent. Take some numbers as, ..., @, such that
> p_o g - pr = 0. By construction, this sum is equal to

m m-+l n
aa((1 = Ao)[a] + Aaly]) + D (L= o)l + Melyl) + D (L= Ne)lsal + Melz]) + Y ol
k=3 k=m+1 k=m-+I1+1
m+l m m+l n
= <a2(1 )+ Y ak>\k> [2] + (042)\2 + Zak)\k) ]+ > = A)lsil+ Y axlsi] =0.
k=m+1 k=3 k=3 k=m+I1+1

As the vectors [z], [y], [s3], ..., [sn] are linearly independent, and 0 < Ay < 1 for all k& € {2,....m + [}, it
follows that oy, = 0 for all k£ € {3,...,n}. This, in turn, implies that also apx = 0. Hence, the indifference
beliefs ps, ..., pn € P,p are linearly independent.

As a consequence, the dimension of span(P,.p) is at least n — 1. The dimension of span(P,~p) cannot
be n, since otherwise we would have that span(P,.;) = R”, and hence, by (a), P, = RN A(S) = A(S).
This would contradict the assumption that there are preference reversals between a and b. We thus conclude
that the dimension of span(P,.p) must be n — 1, and therefore span(P,~;) is a hyperplane.

To show that P,.; contains a belief p with p(s) > 0 for every state s, consider the vector p := ﬁpg +
— ﬁpn. It may be verified that p is a belief. Moreover, by construction of the beliefs po, ..., p,, we have
that p(s) > 0 for all states s.

(c) Let A= {p e A(S) | >ses,_, P(s) = 1}. To show that P, C A, take some p € Pyp. Assume, contrary
to what we want to show, that p ¢ A. Then, p(s) > 0 for some s € S,.p, where S, is the set of states
t with a = b. Asp =3 o p(s)[s] + 2 ses, , P(s) - [s] it follows by preservation of indifference and
preservation of strict preference that p € P,.;. This is a contradiction to the assumption that p € P,p.
We thus conclude that p € A. Hence, P,.;, C A. The inclusion A C P, follows directly by preservation of
indifference. We thus see that P,., = A. This completes the proof. [ ]

The third preparatory result provides sufficient conditions for an expected utility representation between
two choices.
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Lemma 7.3 (Sufficient conditions for expected utility representation) Consider a conditional pref-
erence relation - that satisfies the regularity axioms, two choices a and b, and a utility function u. Suppose
that 7~ has preference reversals between a and b, and that there are n states. If there is a belief p* with
a >p- b and u(a,p*) > wu(b,p*), and n — 1 linearly independent vectors vi,...,vp—1 in span(P,~p) with
u(a,vg) = u(b,vg) for all k € {1,...,m — 1}, then u represents 7, on {a,b}.

Proof. Let P,q)—ys) be the set of beliefs p with u(a,p) = u(b,p), and similarly for Py,)sy@p)- To show
that u represents - on {a, b}, it is thus sufficient to show that P, = Py@)=u®) and Porp = Py(a)y>u(b)-

We start by showing that P,y = Pya)—u()- Consider the set Vi, (q)—y@) := {v € R | u(a,v) = u(b,v)}.
It may be verified that V,,)—y) is a linear space. Moreover, Py q)—u) = Vi(a)=up) N A(S). We now show
that span(Pap) = Via)=up)- We first prove that span(Puy) € Viy(a)=u()- In Lemma 7.2 (b) we have seen
that span(P,~p) has dimension n — 1. Since the vectors vy, ..., v,—1 in span(P,.p) are linearly independent,
we conclude that {vi,...,vn—1} is a basis of span(P,p). Take some v € span(Py~p). Then, we can write
v = A1 + ... + Ap_1v,—1 for some numbers Ay, ..., \p—1. Since v, € Vi q)—u@p) for all k € {1,..n — 1} and
Vi(a)=u(p) 18 a linear subspace, it follows that v € Vy,(q)—y). Thus, span(Pas) C Viy(a)=u(b)-

We now show that Vi (q)—u@p) = span(Pa~p). Since Vi q)—yp) is a linear subspace of R, its dimension
can be at most n. Moreover, as span(Pyb) C Viy(a)=u@p) and span(Pyp) has dimension n — 1, the dimension
of Viy(a)=u(v) 18 at least n — 1. Suppose, contrary to what we want to prove, that Vi, q)—up) 7# span(Pa~s)-
Then, the dimension of V,,)—y ) must be n, and hence V,(q)—u@) = RS. However, this is a contradiction
since u(a,p*) > u(b, p*), and hence p* ¢ Vi 4)—yup)- We thus conclude that V,q)—y@p) = span(Pu~p). Since
Pya)=u) = Va(a)=up) N A(S) and, by Lemma 7.2 (a), Pywp = span(Pawp) N A(S), we conclude that
Pory = Py(a)y=u(b)-

We next prove that Py.p = Py(a)>u(s)- Let p* be the belief where a =+ b and u(a,p*) > u(b, p*). Consider
the set

A= {p e A(S) | there isno A € [0,1] with (1 — X\)p+ A\p" € P, }.

We show that P,.;, = A. To prove that P,.;, C A, take some p € P,.p. Since p* € P,.; it follows by
preservation of strict preference that (1 — A)p + Ap* € P, for every A € [0,1], and hence p € A. Thus,
Pa>b - A.

To show that A C P,., take some p € A. Suppose that p ¢ P,.p. Since p € A, we must have that
p ¢ P,p, and hence p € P,.,. By continuity, there must then be some A\ € (0,1) with (1 —X)p+ Ap* € Pyp.
This, however, contradicts the assumption that p € A. Hence, p € P,.;, which yields A C P,. ;. Altogether,
we conclude that P, , = A.

We next show that Py q)su@p) = A. Since Poh = Pya)=u(p), it follows that

A= {p e A(S) | there is no A € [0,1] with (1 — N)p + Ap* € Py(a)=u()}-

As p* € Pyq)>u(p) by construction, it can be shown in a similar same way as above that P,4)syp) = A. As
such, Poop = A = Pya)>u(b)-

Since Pocb = Pya)y=up) and Parp = Pya)>up), the utility function u represents =7 on {a,b}. This
completes the proof. [ ]
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We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Suppose first that 7~ has an expected utility representation u. Then, it can easily
be verified that - satisfies the regularity axioms. We leave this to the reader.

Assume next that 7 satisfies the regularity axioms. We will show that 7~ has an expected utility
representation. We distinguish three cases: (a) there are preference reversals between a and b, (b) a weakly
dominates b, and (c) b weakly dominates a. For the remainder of this proof, we assume that the number of
states is n.

(a) Suppose that there are preference reversals between a and b. Since we know from Lemma 7.2 (b) that
span(Py~p) has dimension n — 1, there are n — 1 linearly independent beliefs py, ..., pp—1 € Pyp. Moreover,
there must be some state z with a =;) b. As [z] ¢ Pyp, we know from Lemma 7.2 (a) that [x] ¢ span(Pys),
and hence the beliefs p1,...,pp—1, [z] are linearly independent. Fix some number o < u(a, ), and find the
unique utilities {u(b, s) | s € S} such that u(b, z) = a < u(a,x) and u(b, pr) = u(a, py) for all k € {1,..n—1}.
By Lemma 7.3 it then follows that u represents 2~ .

(b) Suppose that a weakly dominates b. Choose a utility function u such that, for every state s, we have
u(a, s) > u(b,s) when [s] € P,vp, and u(a,s) = u(b, s) when [s] € P,p. It then follows by Lemma 7.2 (c)
that Pop = Py(a)=u(p)- Since every belief p is either in Py.p or Pawp, it follows that Pup = Pya)>u@m)- We
thus conclude that the utility function u represents 7~ .

(c) This proof is similar to that for (b). The proof is hereby complete. [ |

7.3 Proofs of Section 4

In this subsection we will prove Proposition 4.1, Theorem 4.1 and Theorem 4.2. Before we can prove
Proposition 4.1 we need the result below.

Lemma 7.4 (Line containing three indifference beliefs) Consider a conditional preference relation 7
that has preference reversals for all pairs of choices, and satisfies the regularity axioms. Then, for every
three choices a, b, c, there is a line of beliefs that contains full support beliefs puy, Pac, Pbe Where the DM is
indifferent between the respective choices, and that contains a belief where the DM is not indifferent between
any of these three choices.

Proof. Suppose first that there is a full support belief p € P,y N Py~.. Then, by transitivity, p € P,~.. We
can then choose a line of beliefs through p that contains a belief where the DM is not indifferent between
any of the three choices. Such a line will satisfy the statement in the lemma.

Assume next that there is no full support belief in P, N Py.. By transitivity, there will be no full
support belief in P,y N Py or Ppoe N Py either. Let AT(S) be the set of full support beliefs. Then, the
sets Pyp, Pa~e and Py will be pairwise disjoint on AT(S). As, by Lemma 7.2 (a), these indifference sets
are the intersections of hyperplanes with A(.S), it must be that one of these indifference sets is “in between”
the other two. Suppose, without loss of generality, that Py is in between P,.; and P,... By Lemma 7.2
(b), there is a full support belief p,, € P, and a full support belief p,. € P,.. Let [ be the line of beliefs
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that goes through p,;, and pge. As the set Py is in between P, and P,~., there must be a belief pp. € Py
on the line [ between p,, and p,.. Moreover, pp. is a full support belief, since py, and p,. are full support
beliefs. Finally, the full support beliefs p,, and p,. can be chosen such that [ contains a belief where the DM
is not indifferent between any of the three choices. The line [ thus satisfies the requirements of the lemma.
This completes the proof. |

We are now ready to prove Proposition 4.1.

Proof of Proposition 4.1. Consider a conditional preference relation 7~ that has no weakly dominated
choices and satisfies the regularity axioms. Since we exclude equivalent choices, it must be that >~ has
preference reversals between every pair of choices.

(a) Assume first that - satisfies three choice linear preference intensity. Consider three choices a,b and c.
We must show that span(P,p) N span(Pyc) C span(Py~.). Take some g € span(P,p) N span(Py.). We
distinguish two cases: (1) > ,.gq(s) # 0, and (2) > .gq(s) =0.

Case 1. Assume that ) _gq(s) # 0. Then, there is some number A # 0 such that § := Ag satisfies
> scs d(s) = 1. Moreover, § € span(P,~p) N span(Py..) also. By Lemma 7.4 there is a line [ that contains
full support beliefs pup € Py, Pbe € Pone and pae € Pye. Then, there is some € € (0,1) small enough such
that (i) the vectors pl, := (1 — €)pay + €4, D, = (1 — €)ppe + €¢ and p’ := (1 — €)pac + ¢ are all in A(S),
and (ii) the line I’ through p/, and pj, contains a belief p,. € Py~. Since pl, —pp. = (1 —€) - (Pab — Pbe),
we conclude that the lines [ and I’ are parallel. Moreover, the lines [ and I’ can be chosen such that they
contain beliefs where the DM is not indifferent between any of the three choices. Hence, by preservation of
strict preference, p!,. is the unique belief in P,.. on the line I’. Also, the lines [ and I’ can be chosen such
that the probability of no state is constant on [ or I’.

Recall that ¢ € span(P,~p). Thus, we conclude that p/, € span(P,;) N A(S). By Lemma 7.2 (a) it
follows that p/, € P,p. As ¢ € span(Py..) it can be shown in a similar way that p). € Py..

Recall that p' := (1 — &)pac + £¢. We will now show that p/,. = p’. Suppose first that pe, = ppe. Then, by
transitivity, pac = Pab = Pbe- Moreover, by definition of p!, and pj, it follows that p/, = pj., and hence by
transitivity we must have that p},, = p/, = pj.. Thus, p’ = (1 — €)pac + €4 = (1 — €)pap + €4 = D}, = D)pe.-

Suppose now that pgp # ppe- Then, by transitivity, the beliefs pap, ppe and pg. are pairwise different. By
definition of p/, and pj., we then have that p/, # pj.. Hence, by transitivity, the beliefs p/,,pj . and p),. are
pairwise different. By three choice linear preference intensity, we have for every state s that

(Pab(5) = Pbe()) - (Pac(8) = Phe(8)) = (Pap(5) = Phe(5)) - (Pac(s) — Poc(s))- (7.3)

Note that, by definition, (p,(s) — p;.(s)) = (1 — €)(pas(s) — pec(s)). Since the beliefs pap, ppe and pg. are
pairwise different, the beliefs p/,, p; . and p),, are pairwise different, and no state has constant probability on
the lines [ and ', it follows together with (7.3) that (pl,.(s) — p;.(s)) = (1 — €)(Pac(s) — Pee(s)), and thus

Pac(8) = (1= €)(Pac(s) = Poe(s)) + Phe(s) = (1 = €)pac(s) + £4(s) = p/(s).

As this holds for every state s, we conclude that p),. = p’. Thus, the belief p’ = (1 — €)pac + €4 is in Pye.
As such, § = %p’ +(1- %)pac € span(Py~.), which implies that q € span(P,~.) also.
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Case 2. Assume next that Y .qq(s) = 0. Let V := {v € R¥ | 3 _qv(s) = 0}. We distinguish two
subcases: (2.1) span(Pap) N span(Poc) € Vo, and (2.2) span(Pyp) N span(Po.) C V.

Case 2.1. Assume that span(P,p)Nspan(Py.) € Vp. Then, there is some r € span(P,p)Nspan(Py...) with
Y scsT(s) # 0. Hence, we know by Case 1 that r € span(Py~.). Moreover, as q,7 € span(Pyp)Nspan(Py.),
we conclude that ¢ — r € span(P,~p) N span(Py~.) also, with } (g —r)(s) # 0. Hence, by Case 1, also
q—r € span(P,c). As ¢ = r+(q¢—r), and both r and g—r are in span(Py~.), it follows that ¢ € span(Pyc).

Case 2.2. Suppose that span(P,p) N span(Py.) C Vp. It can be shown that span(Pyp) N span(Py.) =
span(P,p) N Vp. To see this, note first that span(Pyp) Nspan(Py.) C span(Pyp) NV, since span(Pyp) N
span(Py~.) € Vy. Moreover, we also know that span(P,p) # span(Pp~.), since otherwise span(Py~p) N
span(Py~.) would contain beliefs in P,., which would clearly not be in Vj. Since, by Lemma 7.2 (b),
span(P,p) and span(Py...) are linear subspaces of dimension n—1, it follows that span(P,~s)Nspan(Pp...) is
a linear subspace of dimension n—2. Now, consider the linear subspace span(P,~;)NVy. Clearly, span(P,p) #
Vo, since span(P,~p) contains beliefs in P,.; which are not in Vj. Since span(P,.p) and Vj are linear
subspaces of dimension n — 1, it follows that span(P,~p) N Vp is a linear subspace of dimension n — 2. Since
span(P,p) Nspan(Py..) C span(Pyp) N Vp and both linear subspaces have the same dimension, n — 2, both
spaces must be equal. Hence, span(Pyp) N span(Py~.) = span(P,wp) N Vp.

Moreover, it must be that span(P,p) N span(Pa~.) € Vj also. To see this, assume on the contrary
that span(Pyp) N span(Pay~c) € Vo. Then, it would follow from Case 2.1 that span(P,p) N span(Py.) C
span(Py~.), and thus span(P,p) N span(Pyc) C span(Pyp) N span(Py.) C Vo. This would be a contra-
diction. Hence, we conclude that span(P,p) N span(Py~.) C Vy. It can then be shown, in the same way as
above, that span(Pyp) N span(Py~.) = span(Pyp) N V.

By combining the latter two equalities, we get

span(Pyp) N span(Pyc) = span(Pyp) N Vo = span(Pyp) N span(Pyc),

which implies that span(P,p) N span(Py~c) C span(Pyc). As q € span(P,p) N span(Pp~.), it follows that
q € span(Pg~.). This completes the proof of (a).

(b) Suppose now that span(P,p) N span(Py~.) C span(Py~.) for all three choices a, b, c. We must show that
= satisfies three choice linear preference intensity. Consider two parallel lines of beliefs [,1’ that (i) contain
beliefs where the DM is not indifferent between any two choices from {a, b, ¢}, (ii) where [ contains indifference
beliefs pay € Pamps Poc € Poe and pae € Pa~e, and (iii) I’ contains indifference beliefs p, € Pyp, ). € Poc
and p),. € Py~c. Let g be the line through pgy, and pl,, let Iy, be the line through py. and pj., and I, the
line through p,. and p/,.. Note that all these lines belong to the same two-dimensional plane: the plane that
goes through [ and [’.

Assume first that the lines lqp, lpc and lqc are all parallel. Then, there is a vector ¢ such that p/, = pes+4,
Phe = Pbe + ¢ and pl,. = pac + q. As a consequence, for every state s,

(pab(s) _pr(S)) : (piw(s) _pg;c<3>) - (pab(s) _pbc<s)) ’ (paC<3> _pbc(s)) - (p:zb<s) _p;)c(s)) ' (paC(S) _pbc(s)>'

Hence, the formula for three choice linear preference intensity is satisfied.
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Assume next that the lines l4, lp. and [, are not all parallel. Without loss of generality, we suppose
that [, and [y, are not parallel. Since these two lines lie in the same two-dimensional plane, they must
intersect at a unique vector ¢. Since ¢ lies on lqp, which goes through pe, and pl, in P,.y, we conclude
that ¢ € span(P,~p). Similarly, as ¢ lies on I, it follows that ¢ € span(Py..). Since we assume that
span(Pyp) N span(Pyc) C span(Py...), we conclude that g € span(Py~.) too.

Let V be the two-dimensional plane that goes through the lines [ and !’. Since, by condition (i) above, I
and [’ contain beliefs where the DM is not indifferent between a and ¢, it follows that span(Pa.) NV = lge.
As q € span(Py~.) NV, we conclude that ¢ lies on the line 4.

As g lies on lgp, lpe and lqc, the beliefs pgp, Poc, Pac lie on I, the beliefs pl,, p,. and p),. lie on I, and the
lines [ and I’ are parallel, there is a unique number A such that p/, = (1 — X)g + Apap, pp. = (1 — X)g + Appe
and pl,, = (1 — A)q + Apac. Hence, for every state s we have that

(Pab(5) = Poe(5)) - (Pac(s) = Phe(5)) = A+ (Pab(s) = Pre(s)) - (Pac(s) = poe(s)) = (Pap(8) = Phe(5)) - (Pac(s) = Pue(s))-

Thus, the formula for three choice linear preference intensity is satisfied. We therefore conclude that -
satisfies three choice linear preference intensity. This completes the proof. [ ]

In our last preparatory result, we characterize the span of an indifference set P, in case of an expected
utility representation.

Lemma 7.5 (Span of indifference set under utility representation) Consider a conditional prefer-
ence relation 77, with an expected utility representation u. Suppose there are preferene reversals between
choices a and b. Then,

span(Pyp) = {q € R® | u(a,q) = u(b,q)}.

Proof. Let A := {qg € R% | u(a,q) = u(b,q)}. We first show that span(P,.;) C A. Take some q €
span(Py~p). Then, by Lemma 7.1, there are pi,ps € P, and numbers Aj, A2 such that ¢ = Aip1 + Agpe.
As u(a,p1) = u(b,p1) and u(a,p2) = u(b,p2), it follows that u(a,q) = wu(b,q), and hence ¢ € A. Thus,
span(P,p) € A. By Lemma 7.2 (b) we know that span(P,.p) has dimension n — 1. Since A is a linear
subspace with dimension n — 1 also, and span(P,~p) C A, it must be that span(P,p) = A. This completes
the proof. [ |

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. (a) Suppose first that 7~ has an expected utility representation u. From Theorem
3.1, we know that - satisfies the regularity axioms.

To show three choice linear preference intensity it suffices, in view of Proposition 4.1, to show that
span(Pap) N span(Py~.) C span(P,~.) for all three choices a, b, c. Take some ¢ € span(Pyp) N span(Pp.).
Then, by Lemma 7.1, there are ptllb,pzb € Py, pic,pgc € Py, and numbers Ai, Ag, i1, 9 such that ¢ =
MNP 4+Aap?y = pph.A1eph,. Asu(a,pl,) = u(b, pl,) and u(a, p?,) = u(b, p?,), it follows that u(a, q) = u(b, q).
In a similar fashion, it follows that u(b, q) = u(c, q), and hence u(a, q) = u(c, q). By Lemma 7.5 it thus follows
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that g € span(Py~.). Hence, span(P,p) N span(Py~c) C span(Py.), which implies by Proposition 4.1 that
7~ satisfies three choice linear preference intensity.

We finally show four choice linear preference intensity. Consider a line of beliefs [, and four choices
a, b, c,d such that there is a belief on the line where the DM is not indifferent between any pair of choices
in {a,b,c,d}. Moreover, let paup, Dac, Pads Pbe, Pod and peq be corresponding indifference beliefs on this line.
Consider some state s. If the probability of s is constant on the line [, then the formula for four choice linear
preference intensity holds trivially.

We therefore assume from now on that the probability of s is not constant on [, so that every belief on
[ is uniquely given by the probability it assigns to s. Suppose that p,p = pae- Then, by transitivity, it must
be that puy, = pac = Pue, and the formula for four choice linear preference intensity would hold trivially.
Similarly, the formula would trivially hold if p,p = pad OF Pac = Pad-

We now assume that pup, Pac, Pad are pairwise different. Then, by transitivity, pp. is different from pg
and pgc, the belief pyg is different from pgy, and p.g, and the belief p.q is different from p,. and pyq.

Consider two arbitrary, but different, beliefs p1,p2 on [, and define

Au(a) = u(b)) = (u(a,pr) = u(b,; p1)) = (u(a, p2) — u(b, pa))-

As there is a belief on the line where the DM is indifferent between a and b, and another belief on the line
where the DM is not, we must have that A(u(a) —u(b)) # 0. In a similar way, we define A(u(a) —u(c)) and
A(u(a) — u(d)).
By applying the arguments from Section 4.3 to expected utility differences, instead of preference intensity,
it follows that
A(u(a) — u(b)> _ pac(s) _pbc(s)
A(u(a) —u(c))  Pav(s) = Pue(s)
Recall that also A(u(a) —u(c)) # 0. Moreover, since pqp # ppe and the belief on the line is uniquely given by

its probability on s, we have that pu(s) # ppe(s). Thus, the two ratios above are well-defined. In a similar
fashion, it follows that

A(u(a) —u(c)) _ pad(s) — ped(s) A(u(a) —u(b)) _ pad(s) — Poa(s)
A(u(a) = u(d))  Pac(s) = Pea(s) A(u(a) —u(d))  pab(s) = pra(s)’

As, by definition,

(7.4)

(7.5)

Au(a) = u(b)) _ Alu(a) —u(b))  Alu(a) = u(c))

Au(a) —u(d))  Au(a) —ulc)) Alu(a) —u(d))’
it follows by (7.4) and (7.5) that the formula for four choice linear preference intensity obtains. Thus, 7
satisfies four choice linear preference intensity.

(b) Suppose that 7 satisfies the regularity axioms, three choice linear preference intensity and four choice
linear preference intensity. If there are only two choices, then we know from Theorem 3.1 that there is an
expected utility representation. We therefore assume, from now on, that there are at least three choices.
To show that 77 has an expected utility representation, we distinguish two cases: (1) P,y = P.q for
every two pairs of choices {a,b} and {c,d}, and (2) P,y # Pe~q for some pairs of choices {a,b} and {c,d}.

36



Case 1. Suppose that P, = P..q for every two pairs of choices {a, b} and {c,d}. Let A := P, for some
pair of choices {a,b}. Note that A # A(S), as we assume that no two choices are equivalent under - . Since
we also assume that no choice weakly dominates another choice, there will be preference reversals between
all pairs of choices. Let = be a state where [z] ¢ A. Hence, [z] ¢ P, for every two choices a and b. By
transitivity, we can order the choices ci, co, ..., cx such that

Cc1 >'[x] Co >—m c3 >-[x] >-[x] CK -

Choose numbers v1, ..., vg with v1 > vo > ... > vg.

For choice ¢1, set u(cy, ) = vy, and set the utilities u(cy, ) for states s # x arbitrarily.

By Lemma 7.2 (b) we know that span(A) has dimension n — 1, where n is the number of states. Let
{p1,...,Pn_1} be a basis for span(A). As [z] ¢ span(A), we know that {p1,...,pn_1,[z]} is a basis for RS,
For every choice ¢, with k& > 2 find the unique utilities u(cg, s) such that

u(ck, p1) = u(er, p1)s oo, u(Crs Pn—1) = u(c1, pn—1) and u(cg, ) = vg. (7.6)

We will show that the utility function w represents 7~ .

Take two choices a, b with a >[;; b. Then, by construction of the utility function, we have that u(a,pg) =
u(b,p) for all k € {1,...,n — 1}, and u(a,z) > u(b,z). As {p1,...,pn—1} is a basis for span(P,~p), we know
that py,...,pp—1 are linearly independent. It thus follows by Lemma 7.3 that u represents 7~ on the pair of
choices {a,b}. As this holds for every pair of choices {a, b}, we conclude that u represents - .

Case 2. Suppose that P, # P.q for some pairs of choices {a, b} and {c,d}. Then, there must be some
choices a, b, ¢ such that P,.. # Pp.. To see this, suppose on the contrary that P,~. = Py for all three
choices a,b,c. Then, take two arbitrary pairs of choices {a,b} and {c,d} where {a,b} N {c,d} = 0. By
assumption we would then have that P,y = Py = Pewy, and hence P, = P..4 for all pairs {a,b} and
{¢,d}. This would be a contradiction. Hence, P,.. # Py~ for some choices a, b, c.

Now take some choice d different from a,b and c, if it exists. Then, either P,q # Pywq O Pyoq # Peq-
To see this, suppose on the contrary that P,.q = Pyq = P.wq. Define A := P,.g = Pypog = P.y.
Since, by transitivity, Py~q N Pyog € Pyop and Poog N Pewg € Py, it follows that A C P,y N Py..
Thus, span(A) C span(P,wp) N span(Py~.). However, since P,.. # Py. we have, by transitivity, that
Py # Pyc. As, by Lemma 7.2 (b), both span(P,~) and span(Py..) have dimension n — 1, it must be that
span(P,p) N span(Pp~.) has dimension n — 2. However, A has dimension n — 1, and hence it cannot be that
span(A) C span(Pyp) N span(Py~.). We thus obtain a contradiction, and conclude that either P,q # Py~d
or Pyg 7£ Ped.

Based on the two insights above, we can order the choices ¢y, ¢, ..., cx such that Peyoe; # Peyoc,, and
for every k > 4 either Pp e, 7# Pejrcy OF Prpney 7 Peynes- Let the utilities for ¢; and cp be given as in the
proof of Theorem 3.1. For the other choices, we define their utilities according to the following procedure:

Utilities for cs: By Lemma 7.2 (b), there are n — 1 linearly independent beliefs pi,...,pn—1 € Pryrc,-
Choose a belief p,, € Pryc, \Pegocy - Note that this is possible since Peyee; # Pegecy, and because of Lemma
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7.2 (a) and (b). By Lemma 7.2 (a), p, ¢ span(P.s~c, ), and hence pi, ..., pp—1, ppn are linearly independent.
Find the unique utilities {u(cs, s) | s € S} such that

u(es, pm) = u(er, pm) for all m € {1,...,n — 1}, and u(cs, pn) = u(ca, pp)- (7.7)

Utilities for cy, ..., ci. For every k > 4, inductively define the utilities for ¢; as follows. From above, we
know that either P, ~c, # Pey~cs OF Peyney # Peyres- Suppose that P, ~c; # Pei~c,- Like above, we can
choose linearly independent beliefs pi, ..., pn—1, pp, Where p1,...,pn—1 € Peyne, and pp € Prep ey \Pejnoe, - Find
the unique utilities {u(cg, s) | s € S} such that

u(ck, pm) = u(er, pm) for all m € {1,...,n — 1}, and u(ck, pn) = u(ca, pn)- (7.8)

If P, e, # Pep~csy, the utilities can be defined analogously,
We will now show that these utilities represents the conditional preference relation 7= .

We prove, by induction on k, that u represents 7~ on {ci, ..., cx}. For k = 2 we know this is true, in the
light of the proof of Theorem 3.1.

Suppose now that k > 3, and that u represents - on {cy,...,cx_1}. We must show that u represents 7
on all pairs {ck, ¢y, } where m € {1,....k — 1}.

We start by showing that u represents 7 on {cg,c1}. Assume, without loss of generality, that P, ., #
P, ~c,. Then, by (7.7) and (7.8) we know that u(cg,pn) = u(c2,pn). As pp € Prprcy\Peyme,, WE may
assume, without loss of generality, that p, € P, «c,. As p, € P, ~c,, it follows that p, € F.,..,, and hence
u(c2,pn) > ulci,pn). As, by (7.7) and (7.8), u(ck,pn) = u(cz,ppn), we conclude that u(ck,pn) > u(c1,pp).
Thus, p, € P, ¢, is such that u(cg, pn) > u(c1, pn). Together with (7.7) and (7.8), we conclude from Lemma
7.3 that u represents /7 on {cg, c1}.

We next show that u represents 27 on {cg, ca}. As Peey 7 Pejrocy, it follows by transitivity that P, ., #
P, ~c,- Hence, it follows by Lemma 7.2 (a) and (b) that span(P., ~c,) N span(P:, ~c,) has dimension n — 2.
Take a basis {q1, ..., gn—2} for span(P, ~c,) N span(Pe,~c,). By Proposition 4.1 we know that span(Pe,~c,) N
span(Peymcy) € span(Py, ~c,), and hence the vectors qi, ..., gn—2 are all in span(P,,~c,). As each of these
vectors g, is in span(Pe,~c, ), it follows by Lemma 7.1 that ¢,, can be written as g, = A\ir; + Aar2, where
A1, A2 € R and 71,72 € P, . Since u represents - on {cg,c1}, we know that u(ck,71) = u(cq,71) and
u(ek, m2) = u(c1, r2), which implies that u(cg, gm) = u(c1, gm). AS g is also in span(Pe, ~¢, ), and u represents
2 on {c1,c2}, it follows in a similar way that u(c1, gm) = u(ce, ¢m). Hence, we conclude that

u(ck, gm) = u(ce, ¢m) for all m € {1,...,n — 2} and u(ck, prn) = u(ce, pn), (7.9)

where the last equality follows from (7.7) and (7.8). Moreover, as p, ¢ P ~c,, we know that p, ¢
span(Pey~e, ) N span(Pe, ~c,), and hence the n — 1 vectors above are linearly independent.

Since P, e, # Py, there is a belief p € P, e \Peyrc,. Assume, without loss of generality, that
P E Pesvey Asp € Ppney, it follows by transitivity that p € P, »¢,. As u represents 27 on {c,c1} and
{c1,¢2}, it follows that u(cg,p) = u(ci,p) and u(cy,p) > u(ca,p), which implies that u(cx,p) > u(ca,p).
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Hence, there is some belief p with P, ., and u(cg,p) > u(ca,p). Together with (7.9) and Lemma 7.3, we
conclude that u represents - on {cg, ca}.

We finally show that u represents 2~ on {cg, ¢, } for every m € {3, ...,k —1}. Take some m € {3,...,k—1}.
Then, necessarily, & > 4. To abbreviate the notation, we define span,, = span(P,,~.,) for every m,l €
{1,...,k}. We distinguish two cases: (1) spanyi Nspani, # spangs N Spang, or spanky N Spaniy, 7 spangs N
spansy,, and (2) spang N Spanim, = spangs N spans, and spangy N sPaniy, = spangz N SPAN3y,.

Case 1. Assume, without loss of generality, that spanki N spaniy, # spangs N spansg,. Since, by Lemma 7.2
(b), the four linear spans have dimension n — 1, it follows that the two intersections have dimension n — 2
or n — 1. Moreover, as the two intersections are different, we conclude that

A := span|(spangi N spaniy,)) U (spange N spanay,)]

has dimension n—1 or n. Moreover, we know from Proposition 4.1 that spang; Nspani, and spangsNspans,,
are both subsets of spang,,, and hence A C spanyg,, also. As ¢, and ¢, are not equivalent, A cannot have
dimension n, and thus the dimension of A must be n — 1.

Take a basis {q1,...,qn—1} for A, where every q; is either in spang; N spani, or in spangs N SPanzm,.
Suppose that ¢; is in spang; N spaniy,. As u represents 7 on {cg,c1} and {c1, ¢}, it can be shown in the
same way as above that u(ck, q;) = u(c1, q) and u(c1, q) = u(em, q), which implies that u(cg, q) = u(cm, ¢r).-
If ¢; is in spanga N spangy,, it can be shown in a similar way that u(ck, q) = u(cm, ) also. We thus see that

q € spangy, and u(ck, q;) = u(cm, q) for every I € {1,...,n — 1}. (7.10)

Since Pryrey # Pepmcy, €ither Pe e \Pepnen O Peyrco \Pejne,, must be non-empty. Assume, without loss
of generality, that P, ¢, \Pe.~c,, is non-empty. Take some p € P, ¢, \Pe,ne,,. Assume, without loss of
generality, that p € P, ,.. Asp € P, ~¢,, it follows by transitivity that p € P;,,,,. Since u represents - on
{ck,c1} and {c1, ¢}, we know that u(ck, p) = u(cr,p) and u(e1,p) > u(cm, p), and thus u(ck, p) > u(cm, p).
We have thus found a belief p € P, ., with u(ck,p) > u(cpm,p). Together with (7.10) and Lemma 7.3 we
conclude that u represents 2~ on {cg, cm}.

Case 2. Suppose that spang; N spani, = spangs N spang, and spangi N SPaniy, = spangz N SPAN3m,.

Claim. There are i,j € {1,2,3} such that for every triple a,b,c € {c¢;,¢;, cm, ¢} the sets Pyp, Py~ and
P, are pairwise different.

Proof of claim. We first show that P, ., # Pe,~c,,- Suppose not. Then, P ., = P ~c, and hence, by
transitivity, Pey~e; = Peprey, - Thus, spang Nspani, = spangi = Spanjm,. Since spang Nspani, = spanizN
spana, it follows that spanga N spanay, = spank,, which can only be if Pr, ~c;, = Pey~enn = Pej~enn - As such,
Py ey = Peyrern = Peyney, which contradicts the assumption that P, ~c; # Pepre,- Hence, P, ey 7# Pejrcp, -
By transitivity, P, ~c,, Pey~c,, and P, ~,, are pairwise different.

As a consequence, spang; N spani, has dimension n — 2. Since spangi N spani, = spangs N spans, it
follows that spanie N spang,, has dimension n — 2 also, which can only be if P, ¢, # Pey~e,,- Thus, by
transitivity, Pey~co, Peo~en and P, are pairwise different. As spangi N spani, = spangs N spangy,, it
follows in a similar way that P, ~cs, Pes~e,n, and P, ~,, are pairwise different also.
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Consider the sets A = {c1,c2,¢m,ck}, B = {c1,¢3,cm,c} and C = {ca, c3, cm, ¢ }. Suppose, contrary
to what we want to show, that in each of these sets there is a triple a, b, ¢ such that P,., = Pywe = Poc.
Since, by assumption, P, ~c; 7# Peo~c,, and we have seen above that P, ~c,, Pei~e,, and P, ~.,, are pairwise
different and P, ~c,, Pey~e,, and P, ~.,, are pairwise different, we must have in set A that P, ~c, = Pey~e,, =
P,

By a similar argument, we must have in set B that either P, ~c, = Pey~e,, = Peirem OF Pejney = Pegrc, =
P\ e, However, if Poi~c; = Peymen, = Pey~e,, then, by the insight above that P ¢, = Pei~e,,, it would
follow that P, ,~cy, = Pej~ecy, Which is a contradiction to the fact that P, ¢y, # Pej~ey. We must thus have
that Peirey = Pegne, = Peyroey,-

By a similar argument, we must have in set C that either P,e; = Peymen, = Pegmcn, O Pegres =
Peye), = Peyney- If Poyroey = Peyoc,y, = Pegne,, then, together with the insight above that Pe ¢, = Peync,,s
it would follow that P, ~c, = Pey~cs. This would contradict the assumption that Pr ey, # Peyreg- 1f
Peycy = Peyae,, = Peyne, then, together with the fact above that P. ~c; = Peyae,, it would follow that
Peincs = Peyrey- This would contradict the assumption that P c; 7# Peyes. We thus arrive at a general
contradiction, and hence there are i,j € {1,2,3} such that for every triple a,b,c € {c;,c;,cm,ci} the sets
P, .y, Pyc and Py are pairwise different. This completes the proof of the claim.

According to the claim, we can choose i,j € {1,2,3} such that for every triple a,b,c € {c;,c;j,cm,cr}
the sets Pyp, Py~e and Py are pairwise different. Define the set of choices D := {¢;, ¢j, ¢m, ¢}, and let

A = spang; N spanm,.

We show that A has dimension n — 2, that A C span(P,p) for all a,b € D, and that A = span(Pyp) N
span(Pe..q) whenever P, , # P.q.

Since by the choice of i, j we have that P, ., # Pr,~c,,, it follows that A has dimension n — 2. Note by
Proposition 4.1 that A C spany,,. Moreover, as we assume in Case 2 that spany;N\spani, = spany;Nspanm,,
it follows that A = spang; N span;, N spany;, and thus we have by Proposition 4.1 that A C span;; also.
Hence, A C span(P,p) for all a,b € D.

Now, let Pyp # Pewg for some a,b,c,d € D. Then span(P,~p) N span(Pe..q) has dimension n — 2. As
A C span(Pyp)Nspan(P,.q) and A has dimension n—2 as well, it must be that A = span(Pyp)Nspan(Peq).

Let A1(S) := {p € A(S) | p(s) > 0 for all s € S} be the set of full support beliefs. We distinguish two
cases: (2.1) ANAT(S) is empty, and (2.2) AN A*(S) is non-empty.

Case 2.1. Suppose that AN AT(S) is empty. Recall from Lemma 7.2 (b) that each of the indifference sets
P,, where a,b € D, has a full support belief in AT(S), and thus P, N AT(S) is non-empty. Moreover,
recall from above that P, N P.wg = A whenever P,y # P.ug. As AN AT(S) is empty, it follows that
P,y N PoogN AT(S) is empty whenever P,y # P.q and a,b,c,d € D.

Let {Pi,..., Pr} be the collection of pairwise different indifference sets that remains if from {P, |
a,b € D} we remove all duplicate sets. Since 4,7 have been chosen such that for every triple a,b, c in D the
sets P, p, Py~ and Py are pairwise different, we know that R > 3.

As Pyp N Pog N AT(S) is empty whenever P, # P..q, it follows that the sets Py N AT(S),..., Pr N
AT(S) are pairwise disjoint. Moreover, we have seen that each of the latter sets are non-empty. Since
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span(Py), ..., span(Pg) are hyperplanes of dimension n — 1, we can order the sets Pi, ..., Pr such that P, N
AT(S), ..., Pr—1 N AT(S) are in between P; N AT(S) and Pg N AT(S). Take some p; € Py N AT(S) and
pr € PR N AT(S), and let [ be the line through p; and pg. Then, the corresponding line segment from p;
to pg is included in AT(S). As P,NAT(S),..., Pr—1 N AT(S) are in between Py N A1 (S) and Pr N AT(S),
the line [ contains for every r € {2,..., R— 1} a unique belief p, in P,. In particular, for every pair of choices
a,b in D, there is a unique belief p,, € P,~p on the line [, and the line [ contains a belief where the DM is
not indifferent between any of the choices in D.

Recall that for every triple a,b,c in D the sets P,p, Py and P, are pairwise different. As P, N
P..sNAT(S) is empty whenever P, # P..4, we must have for every triple a,b,c in D that pg, pse and
Dpe are pairwise different.

Let s be a state such that the probability of s is not constant on the line [. By four choice linear preference
intensity, we have that

Pad(8) = Pea(s)  (Pav(s) = Pbe(8))(Pad(s) — Poa(s))’
where a := ¢;, b := ¢j, ¢ := ¢;, and d := ¢;. Note that both fractions are well-defined since p,q # Ded» Pab 7 Poc
and paq 7 Pea- Moreover, as Pac, Pad, Ped are pairwise different, we have that pe(s) — pea(s) # Dad(s) — pea(s),
and hence the fraction on the lefthand side is not equal to 1. As such, the fraction on the righthand side is
not equal to 1 either. Let this fraction on the righthand side be called F. Then, by (7.11), p.q is the unique
belief on [ where

Pac(s) = Pea(s) _ (Pab(s) — Poa(s)) (Pac(s) — re(s)) (7.11)

Ped(s) = E padlgs)_ 1p(zc(3)‘ (7.12)

Remember that A C span(P,..q4), that A has dimension n — 2, and that span(P.4) has dimension n — 1.

Let {q2,...,qn—1} be a basis for A. As p.q € P.q is not in A, we conclude that {p.4, g2, ...,qn—1} is a basis
for span(Pe.q).

Now, let Z* be the conditional preference relation generated by the utility function u. We have already

seen that u represents 7 on all pairs of choices in {a,b, ¢, d}, except {c,d}. In particular, we thus know that

(@, pap) = (b, Pab)s (@ Pac) = u(C, Pac)s w(a;Pad) = w(d, Pad), w(b,Pre) = u(c, ppc) and u(b, pra) = u(d, ppq)-

As we have seen in part (a) of the proof that =" satisfies four choice linear preference intensity, the unique
belief on the line [ where the DM is indifferent between ¢ and d under 7Z* is given by (7.12). Therefore,

U(C,pcd) = u(d; pcd)- (713)

7~ on {d,a} and {a,c}, it follows that
u(d,v) = u(a,v) and u(a,v) = u(c,v) for every v € span(Pyq) N span(Py~.). Therefore, u(c,v) = u(d,v)
for every v € A. In particular,

Recall that A = span(Pgq) N span(Py~c). As u represents 7

u(e, qr) = u(d, qx) for every k € {2,...,n — 1}, (7.14)

where {q2, ..., gn—1} is a basis for A. Moreover, we have seen that {p.q, g2, ..., gn—1} is a basis for span(P.q).
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Recall that A = span(Pe, ~c,) N span(Pz ~c,,) has dimension n — 2, and thus P ¢, # Pe,~c,,- Thus,
Pyq # Paye. We can thus choose some p € Pyog\Pyc. Assume, without loss of generality, that p € P,. ..
By transitivity, we then have that p € Pj .. Since u represents = on {d,a} and {a,c}, we know that
u(d,p) = u(a,p) and u(a,p) > u(c,p), and hence

u(d,p) > u(c, p) for some p € Py . (7.15)

In view of (7.13), (7.14) and (7.15), it follows by Lemma 7.3 that u represents - on {c,d} = {ck, cm}.

Case 2.2. Suppose that AN AT(S) is non-empty. Then, there is some full support belief p* in A, with
p*(s) > 0 for all states s. As we have seen that A C span(P,p) for all a,b € D, it follows that p* € P,
for all pairs a,b € D.

Since we have seen that A has dimension n — 2, the linear subspace A is contained in some hyperplane
containing the zero vector. Hence, there is some vector n € RS such that

n.v=0forallve A (7.16)

Moreover, we can choose the vector n such that for every pair a,b € D there is some p € P,.;, with
nd.p#£0.

In that case, there is for every pair a,b € D some p € P,.; with n* - p > 0. To see this, suppose
that a,b are such that n - p < 0 for every p € P,p. As there is some p € P, with n? - p # 0, there
must be some p € P,;, with n4 - p < 0. Since p* € AT(S), there is some A > 1 close enough to 1 such
that ¢ := (1 — A\)p + Ap* € A(S). Note that p* € A C span(P,~p) and p € P,.p, which implies that
q € span(Pywp) N A(S) = P,p. At the same time we know, by (7.16) and the fact that p* € A, that
nA - p* = 0. Since n -p < 0 and A > 1, it follows that n - ¢ = (1 = A) - (n-p) + X- (n? - p*) > 0. Thus,

for every a,b € D there is some p € P, with n? - p > 0. (7.17)

Let Pt :={p € A(S) | n* - p > 0}. Then, in view of (7.17),

P, N P" is non-empty for all a,b € D. (7.18)

Recall that P, N Peug = A for every a,b,c,d € D with P, # Peg. In view of (7.16) and (7.18) we
conclude that P, N P..q N PT is empty whenever P, # P.q. Hence, (P,p N PT) and (P..qN PT) are
disjoint whenever P,., # P,..4. But then, the different sets in {P, | a,b € D} can be numbered Py, ..., Pg,
with R > 3, such that P, NPT, ..., Pp_1 NPT are in between P; N P™ and Pr N P*. In a similar way as in
Case 2.1, it can then be shown that u represents =~ on {cg, ¢ }-

We thus conclude that u represents =~ on {cy, ..., ¢x}. By induction on k, the proof is complete. |

We next prove Theorem 4.2.

Proof of Theorem 4.2. Let u,v be two different utility representations for 7~ . To prove the statement,
we distinguish three cases: (1) there are two choices, (2) there are three choices, and (3) there are at least
four choices.
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Case 1. Suppose there are two choices, a and b. Since there are preference reversals on {a, b}, there is some
p* € Pysp. Define

a/ —
= . 7.19
o= S0 (7.19)

We show that
v(a,p) —v(b,p) = a- (u(a,p) — u(b,p)) for all beliefs p € A(S). (7.20)

As there are preference reversals on {a,b}, it follows by Lemma 7.2 (b) that there are n — 1 linearly
independent beliefs p1, ..., pp—1 in P,p. Moreover, by Lemma 7.2 (a) we know that p* ¢ span(P,). Hence,
{p1,..., Pn_1,p*} are linearly independent, and thus form a basis for R®. As, by construction, v(a,py) —
v(b,pr) = a- (u(a,pr) — u(b,pr)) = 0 for all k& € {1,...,n — 1} and, by (7.19), v(a,p*) — v(b,p*) = a -
(u(a,p*) — u(b,p*)), it follows that (7.20) holds for every p in the basis {p1,...,pn—1,p*}. Now, take some
arbitrary belief p € A(S). Then, p = A\1p1 + ... + \p—1Pn—1 + App™* for some numbers Aq, ..., A,. Thus,

n—1
vap) —vbp) = D M- (v(a,pr) = o(b.pr)) + A - (v(a,p%) = v(b,p%))
k=1

n—1
~ W (Z M- (u(a, pr) = u(b, pr)) + An - (u(a,p*) — ““”p*)))
k=1

= a- (u(a,p) - U(b,p)),
which establishes (7.20).

Case 2. Suppose there are three choices, a,b and c. Since, by assumption, there is a belief where the DM
is indifferent between some, but not all, choices, it must be that P,., # P..p. Let the number « be given
by (7.19). We show, for every two choices d, e € {a,b, c}, that

v(d,p) —v(e,p) = a- (u(d,p) — u(e,p)) for all beliefs p € A(S5). (7.21)

By the proof of Case 1, we know that (7.21) holds for the choices a and b. We now show that (7.21)
holds for the choices ¢ and a. Let p1,...,pn—1 € A(S) be a basis for span(P..,). Then,

v(c,pr) —v(a,pr) = a - (u(e,pr) —ula,pr)) =0 for all k € {1,...,n — 1}. (7.22)

Since P, # P.p, there is a belief p, € P..p\P.ws. By Lemma 7.2 (a) we must then have that
pn & span(P..,), and hence {p1, ..., pn_1,Pn} is a basis for R%. As p, € P..;, it must be that

v(c,pp) — v(b,pn) = a - (u(e,pn) —u(b,pr)) = 0. (7.23)

Moreover, we know from Case 1 that
U(b,pn) - U(avp'fl> =a- (U(b,pn) - u(aapn)> (724)
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If we combine (7.23) and (7.24), we get

v(¢pn) —v(a,pn) = (v(e;pn) = 0(b,pn)) + (v(b;pn) — v(a; pn))
= - (u(e,pn) — w(b,pn)) + - (w(b, pn) — u(a, pp))
= «a- (u(e,pn) —ula,pp)). (7.25)

From (7.22) and (7.25) we conclude, in a similar way as in the proof of Case 1, that
v(e,p) —v(a,p) = a- (u(c,p) — u(a,p)) for all beliefs p.
In a similar fashion we can show (7.21) for the choices ¢ and b.

Case 3. Suppose there are at least four choices. By assumption, there is a belief where the DM is indifferent
between some, but not all, choices. That is, there are choices a, b, ¢, d such that P,., # P..q. Following the
proof of Theorem 4.1, it can then be shown that there are three choices a,b and ¢ with P.., # P.p. Let
the number « be given by (7.19). Then, we know by Case 2 that (7.21) holds for every d, e € {a,b, c}.

We now show (7.21) for choices d and a, where d is some arbitrary choice not in {a, b, c}. From the proof
of Theorem 4.1 we know that either Py, # Pjwp or Pioq # Pic. Assume, without loss of generality, that
Pjq # Pgp. Then it can be shown in a similar way as for Case 2 that (7.21) holds for the choices d and a.

Now, take some choice d ¢ {a,b,c}, and some arbitrary choice e ¢ {a,d}. Since we know that (7.21)
holds for the choices d and a, and for the choices e and a, it follows that

v(d,p) —v(a,p) = a- (u(d,p) — u(a,p)) for all beliefs p
and

v(a,p) —v(e,p) = a- (u(a,p) — u(e,p)) for all beliefs p.
This implies that

v(d,p) —v(e,p) = (v(d,p) —v(a,p))+ (v(a,p) — v(e,p))
= a-(u(d,p) —u(a,p)) + o (u(a,p) —u(e, p))
= «- (u(d,p) — u(e,p)) for all beliefs p.

Hence, (7.21) holds for every two choices d,e. This completes the proof. |

7.4 Proof of Section 5

Before we can prove Theorem 5.1 we need a preparatory result. It describes, for a given signed conditional
preference relation meeting the axioms, the structure of the set of signed beliefs for which the DM is
“indifferent” between two choices. To formally state the preparatory result, we must introduce some new
notions and notation. For a signed conditional preference relation 7~* and two choices a and b, we denote
by Qq~=p the set of signed beliefs ¢ for which a ~% b. By A*(S) :={q € R® | }_ .5 q(s) = 1} we denote the
set of all signed beliefs. Two subsets @, Q" C A*(S) are called parallel if there is some vector v € R such

that @ ={q+v | ¢ € Q}.
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Lemma 7.6 (Signed indifference sets) Let 7Z* be a signed conditional preference relation without equiv-
alent choices which satisfies continuity, preservation of indifference and preservation of strict preference.

(a) Consider two choices a,b such that there is no constant preference intensity between a and b. Then,
span(Qa~~p) has dimension |S| — 1, and Qg+ = A*(S) N span(Qab);

(b) Consider three choices a,b, c such that there is constant preference intensity between a and b, but not
between a and ¢, and not between b and c. Then, the sets Qg+ and Qy+. are parallel.

Proof. (a) As there is no constant preference intensity between a and b, there must be signed beliefs ¢;
and gz such that a =7 b and b >}, a. But then, it can be shown in a similar way as in the proof of Lemma
7.2 (a) that Qq~xp = A*(S) N span(Qq~+p) and that span(Qq~+p) has dimension |S| — 1. We therefore omit
this proof here.

(b) Suppose that there is constant preference intensity between a and b, but not between a and ¢, and not
between b and c. Then, we know from (a) that Qg+ = span(Qq~=c) N A*(S) and Qpxe = span(Qpxc) N
A*(S) where span(Qa~+c) and span(Qp~+.) both have dimension |S| — 1. Suppose, contrary to what we
want to show, that Qg+, and Qp~+. are not parallel. Then, it must be that Q4+, and Qp-~. intersect, and
hence there is some signed belief ¢ which is both in Qg+, and Qp~+.. By transitivity, it would then follow
that ¢ € Qq~+p- This, however, is a contradiction, since there is constant preference intensity between a and
b, and we exclude equivalent choices. We thus conclude that QQq~+. and Qp~~. are parallel. This completes
the proof. ]

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. (a) Suppose first that - has an expected utility representation u. Let 72* be the
signed conditional preference relation where for every signed belief ¢, and every two choices a and b, we have
that a 7y b if and only if u(a, q) > u(b, q). Then, Z* extends 7 . Similarly to the proofs of Theorems 3.1 and
4.1, it can then be shown that ~—* satisfies the signed beliefs versions of the regularity axioms, three choice
preference intensity and four choice preference intensity. Moreover, transitive constant preference intensity
and four choice linear preference intensity with constant preference intensity follow rather easily. This proof
is therefore left to the reader. Thus, = can be extended to a signed conditional preference relation that
satisfies all of the axioms above.

(b) Suppose now that 7~ can be extended to a signed conditional preference relation 7* that satisfies all of
the axioms above. We will show that there is a utility function u that represents ~~*, and thereby represents
= as well. We distinguish two cases: (1) for every two choices a, b there is no constant preference intensity
between a and b, and (2) there are at least two choices a and b with a constant preference intensity between
them.

Case 1. Suppose that, for every two choices a and b, there is no constant preference intensity between a
and b. Then, for every two choices a and b there must be signed beliefs ¢ and g2 such that a =7 b and
b>r a.

a2
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Choose some full support belief p* with p*(s) > 0 for all states s. For every number A, consider the
conditional preference relation =* where for every two choices a and b, and every belief p,

A
P

a Zp bif and only if @ ZZ¢ )y, b
By choosing A large enough, we can guarantee that ~* has preference reversals between a and b. But then,
we can choose A large enough such that =-* has preference reversals for all pairs of choices.

The reader may verify that =~* satisfies the regularity axioms, three choice linear preference intensity and
four choice linear preference intensity. By Theorem 4.1 we then conclude that =* has an expected utility

representation u*. Define the utility function u by
ue,s) = (1= 1/A) - (e, p*) + (1/A) - uM(c, 5)

for every choice ¢ and state s. We will show that u represents - .
Take some arbitrary belief p. Then, p = (1 — A)p* + Ap’ for the belief p' := (1 — 1/A)p* + (1/X)p. We
conclude, for two arbitrary choices a and b, that

*

aZpb = aZ b= aZ{i_\pppy b =a ?;;‘, b <= ua,p’) > u*(b,p)
= (a, (1= 1/A)p" + (1/2)p) = u (b, (1 = 1/A\)p* + (1/3)p)
= (1= 1/NuM(a,p*) + (1/N)uM(a,p) = (1= 1/N)u (b,p") + (1/X)u*(b,p) <= u(a,p) = u(b,p).

Thus, we see that the utility function u represents -, which completes the proof of Case 1.

Case 2. Suppose now that there are at least two choices a and b such that —* exhibits a constant preference
intensity between a and b. We start by constructing a set of choices D, as follows. Take an arbitrary choice
dy € C. If there is a choice do # d; such that there is no constant preference intensity between ds and dj,
then select such a choice ds. In the next step, if there is a choice d3 # di, ds such that there is no constant
preference intensity between ds and d; and between ds and do then select such a choice ds. Continue in this
way until no further choice can be selected in this way. Let D = {d1, ...,dx} be the resulting set. Then, by
construction, there is no constant preference intensity between any two choices in D, and for every choice
¢ ¢ D there is a choice d € D such that there is constant preference intensity between ¢ and d. But we can
show even more, as the following claim shows.

Claim. For every choice ¢ ¢ D there is exactly one choice d(c) € D such that there is constant preference
intensity between ¢ and d(c).

Proof of claim. Suppose there are two choices dy,ds € D such that there is a constant preference intensity
between c and d; and between ¢ and ds. By transitivity of constant preference intensity, it would then follow
that there is a constant preference intensity between d; and do, which is a contradiction. This completes
the proof of the claim.

We distinguish two cases: (2.1) the set D only contains one choice, and (2.2) the set D contains more
than one choice.
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Case 2.1. Suppose that D only contains one choice, say d. Then, for every choice ¢ # d, there is constant
preference intensity between ¢ and d. By transitivity of constant preference intensity, it would follow that for
every two choices a, b € C we have constant preference intensity between a and b. Consider an arbitrary signed
belief ¢, with the induced ranking ¢1 > c2 7 ... =3 cp. Since there is constant preference intensity between
any two choices, this same ranking is induced at every signed belief. Take some numbers a3 > g > ... > ayy.
Then, the utility function v with u(cy,, s) := a,, for every choice ¢, and every state s represents =2*, and
thereby 77 .

Case 2.2. Suppose that D contains at least two choices. By the claim, there are for every choice a ¢ D two
choices d(a),e(a) € D such that there is constant preference intensity between a and d(a), but not between
a and e(a). We define the utility function u as follows.

Since there is no constant preference intensity between any two choices in D, we know from Case 1 that
there is a utility function v that represents 77* on D. We set u(d, s) := v(d, s) for every choice d € D and
state s € S.

Now take some choice a ¢ D. As there is no constant preference intensity between a and e(a), there
is a signed belief g,.(,) where the DM is “indifferent” between a and e(a). Recall that there is constant
preference intensity between a and d(a) € D. We define, for every state s,

u(a, s) = u(d(a), s) + u(e(a), dae(a)) — u(d(a); dae(a))- (7.26)

We show that this utility function u represents 7—*, by proving that u represents =* on {a,b} for every
two choices a,b € C. We distinguish the following cases: (2.2.1) a,b € D, (2.2.2) a ¢ D and b = d(a), (2.2.3)
a¢ D and b=e(a), (2.24) a ¢ D and b € D\{d(a),e(a)}, and (2.2.5) a,b ¢ D.

Case 2.2.1. Suppose that a,b € D. Then, u represents 2* on {a, b} since v represents =" on D.

Case 2.2.2. Suppose that a ¢ D and b = d(a). Since there is constant preference intensity between a
and d(a), it must be that either a >~ d(a) for all signed beliefs g, or d(a) =; a for all signed beliefs g.

Assume, without loss of generality, that a =7 d(a) for all signed beliefs ¢. Since e(a) ~j @

that e(a) >—:;ae(a) d(a). As u represents Z* on D, we have that u(e(a), qae(a)) > u(d(a), @ue(a))- By (7.26) we

conclude that u(a,q) > u(d(a), q) for all signed beliefs ¢, and hence u represents Z* on {a,d(a)}.

a, it follows

Case 2.2.3. Assume that a ¢ D and b = e(a). Recall from above that e(a) ~ , a. Moreover, by (7.26),

ae(a

we know that u(a, ¢ae(a)) = w(€(a), Gae(a)); and thus Gue(a) € Qu(a)—u(e(a))- Here, \()ve denote by Qy(a)—u(e(a))
the set of signed beliefs ¢ where u(a, q) = u(e(a), q). As there is constant preference intensity between a and
d(a), but not between a and e(a) and not between d(a) and e(a), we know from Lemma 7.6 (b) that the sets
Qa~re(a) a0d Qg(a)~+e(a) are parallel. Since, by (7.26), the expected utility difference between a and d(a) is
constant across all signed beliefs, we know that also the sets Qy(4)=u(e(a)) a0d Qu(d(a))=u(e(a)) are parallel.
As u represents Z* on D, we must have that Qg(a)~se(a) = Qu(d(a))=u(e(a))-

Summarizing, we thus see that (1) Qua)=u(e(a)) a0d Qu(d(a))=u(e(a)) are parallel, (ii) Qu(d(a))=u(e(a)) =
Qd(a)~*e(a), and (ill) Qga)~re(a) AN Qgrre(q) are parallel. Thus, Qy(a)=u(e(a)) a0d Qgrre(q) are parallel.
Since Qae(a) is in both QaN*e(a) and Qu((z):u(e(a))7 it follows that Qu(a):u(e(a)) = QaN*e(a).
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Since there is no constant preference intensity between d(a) and e(a), there must be some qg(4)e(a)y With
d(a) ;d( weta) e(a). Recall from above that a 7 d(a) for all signed beliefs ¢, and thus a >—qd( et d(a).

Hence, a -3, e(a). As u represents Z* on {a,d(a)} and {d(a),e(a)}, we have that u(a, qd(a)e(a)) >

(d( )aqd(a)e(a)) and u(d(a)v dd(a )e(a)) ( (a)7Qd(a)e(a))' This implies u(av dd(a )e(a)) > u( ( ) a)e(a) )
have thus found a belief ¢g(4)e(q) With a >_‘Id( et e(a) and u(a, 4q(a)e(a )) > u(e(a), qa(a)e(a))-
As Qu(a)=u(e(a)) = Qa~re(a) it can be shown, in a similar way as in the proof of Theorem 3.1, that u
represents =* on {a,e(a)}.

Case 2.2.4. Assume that a ¢ D and b € D\{d(a),e(a)}. We distinguish three cases: (2.2.4.1) Qg xc(a)
is not parallel to Qpse(q); (2-24.2) Qgure(q) 18 parallel to Qpure(q) but Quuse(a) # Qore(a), and (2.2.4.3)
Qaw*e(a) - wa*e(a)-

Case 2.2.4.1. Suppose that Qqc(q) is not parallel to Qpe(q)- Then, there is some signed belief gq €
Qare(a) N Qb~e(a)- As ¥ is transitive, it follows that gy € Qa~p. Since u represents * on {a,e(a)} and
{b,e(a)}, we know that u(a,g.p) = u(e(a), gap) = w(b, gap). We have thus found a signed belief ¢,p € Qap
with gqp € Qu(a):u(b)'

As there is constant preference intensity between a and d(a), but not between a and b and not between
b and d(a), we know by Lemma 7.6 (b) that Qu~p is parallel to Q.q(,). Moreover, as u represents Z* on
{b,d(a)}, we know that Qpa() = Qu)=u(d(a))- Since, by (7.26), the expected utility between a and d(a)
is constant across all signed beliefs, we have that Q,()—up) 15 parallel to Qup)—u(d(a))- Summarizing, we
see that (i) Qua)—up) is parallel to Qup)—u(d()), (i) Qu(b J=u(d(a)) = Qp~d(a), and (iii) Qpq(q) is parallel
t0 Qa~p- Thus, Qy)=up) is parallel to Qq~p. Since qqp is both in Qurp and Qyq)—u(p), We conclude that
Qu (a)=u( = Qa~b-

Take some signed belief gg(a)p In Qg(q)~+p. Since we assume that a > d(a) for all signed beliefs ¢, we
have that a -3, d(a) gy U and thus a =3 b, As u represents ~* on {a,d(a)} and {d(a), b}, we have
that u(a, qa@y) > w(d(a), qa@yp) = u(b, qd(a)b) Hence we have a found a belief g4y, with a >-qd( . b and
u(@, qa(ayp) > w(b; qa(ay)- Since Qua)—u(v) = Qa~b, We can use a similar argument as in the proof of Theorem
3.1 to show that u represents 72* on {a,b}.

Case 2.2.4.2. Suppose that Qg«¢(q) is parallel to Qpo e(q) but Qgure(a) # Qp~re(a)- We show that the
sets Qa~re(a)s Qo~re(a)s Qanrbs Qd(a)~re(a) A Qg(a)~+p must all be parallel. As there is constant preference
intensity between a and d(a), but not between a and e(a) and not between e(a) and d(a), it follows by
Lemma 7.6 (b) that Qqsc(q) and Qg(a)~+e(a) are parallel. Similarly, since there is constant preference
intensity between a and d(a), but not between a and b and not between b and d(a), it follows by Lemma
7.6 (b) that Qu~+p and Qg )~+p are parallel. Moreover, by assumption, Q,.«c(,) is parallel to Qpxe(q)
Now suppose, contrary to what we want to show, that Qu~p is not parallel to Qgx¢(q). Then, there is
some ¢ € Qb N Qgre(a) and hence, by transitivity of 2%, we have that ¢ € Qp+c(q)- But then, ¢ is in
both Qg xe(q) and Qpx¢(q), Which is impossible since both sets are parallel but not equal. Hence, we must
conclude that Qg~xp is parallel to Qg xe(q)- But then, all five sets Qqore(a)) Qonre(a)s Qa~rby Qd(a)~*e(a) and
Qd(a)~*p are parallel.
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Take a line [ of signed beliefs that crosses each of these five sets once, and let que(a)s Ghe(a)s 9abs d(a)e(a)
and qq(4) be the signed beliefs on the line where the DM is “indifferent” between the respective choices. As
u represents 7~* on {a,e(a)}, {b,e(a)},{d(a),e(a)} and {d(a),b}, we conclude that

'LL(CL, Qae(a)) = u(e(a)v Qae(a))7 u(bv Qbe(a)) = u(€<a)a Qbe(a))7
u(d(a)7 Qd(a)e(a)) = u(e(a)a Qd(a)e(a)) and u(d(a)7 qd(a)b) = u(ba Qd(a)b)'

Recall that there is constant preference intensity between a and d(a). Since 7Z* satisfies part (a) of four
choice linear preference intensity with constant preference intensity, we know that g, is uniquely given by
the other four signed indifference beliefs. Moreover, as the signed conditional preference relation 7** induced
by u also satisfies part (a) of four choice linear preference intensity with constant preference intensity, and
coincides with 2Z* on {a, e(a)}, {b,e(a)}, {d(a),e(a)} and {d(a), b}, we conclude that g, € Qq~+up and hence
u(a, gap) = (b, gap). Thus, we have found a signed belief g4 € Quxp With gup € Qua)=u(s)-

Since the expected utility difference between a and d(a) is constant across all signed beliefs, we know
that (1) Qua)—u(p) is parallel to Q,(4(a))=u()- Moreover, as u represents Z* on {d(a),b}, we have that (ii)
Qu(d(a))=u(b) = Qd(a)~+»- Finally, we know that (iii) Qga)~+p is parallel to Qu~+p. By combining (i), (ii) and
(iii), we conclude that Qu(a)=u(p) is parallel to Qq~+p. But since we have found a signed belief gqp € Qa~xp
with gg € Qu(a):u(b), it must be that Qu(a):u(b) = Qu~*b-

Now, take some signed belief ¢ with d(a) ~ b. As a 7, d(a) for all signed beliefs ¢, we conclude that
a = b. Since u represents Z* on {d(a),b} and {a,d(a)}, we know that u(a,q) > u(d(a),q) = u(b,q). Hence,
we have found some signed belief ¢ with a =7 b and u(a, q) > u(b, q). Since Qy(a)=u(p) = Qa~*b, We can show
in a similar way as in the proof of Theorem 3.1 that u represents Z* on {a, b}.

Case 2.2.4.3. Assume that Qusc(q) = Qpre(a)- As a and b are not equivalent, it follows by transitivity
of Z* that Qurp = Qaure(a) = Qinre(a)- Take an arbitrary gup € Qu~rp- AS gap is in both Qgreq) and
Qp~+e(a); and u represents Z* on {a,e(a)} and {b,e(a)}, it follows that u(a,q) = u(e(a),q) = u(b, q). Thus,
Qa~*b € Qu(a)=u(v)- Moreover, since span(Qu~+p) and span(Qy(qa)—u()) both have dimension n — 1, it must
be that Qu~rb = Qu(a)=u(b)-

Take some signed belief ¢ with d(a) ~7 b. Since a =7, d(a) for all signed beliefs ¢, we know that a -7 b.
As u represents =—* on {d(a),b} and {a,d(a)}, it follows that u(a,q) > u(d(a),q) = u(b,q). Thus, we have
found some signed belief ¢ with a =7 b and u(a, q) > u(b, q).

Summarizing, we see that Qq)=u(b) = Qa~*b, and there is a signed belief ¢ where a =7 b and u(a, q) >
u(b, q). We can then show in a similar way as in the proof of Theorem 3.1 that u represents Z* on {a,b}.

Case 2.2.5. Suppose finally that a,b ¢ D. We distinguish two cases: (2.2.5.1) d(a) = d(b), and (2.2.5.2)
d(a) # d(b).

Case 2.2.5.1. Assume that d(a) = d(b). Then, there is constant preference intensity between a and d(a)
and between b and d(a). By transitivity of constant preference intensity, there is also constant preference

intensity between a and b. That is, either a -7 b for all signed beliefs g, or b =7 a for all signed beliefs g.
Assume, without loss of generality, that a > b for all signed beliefs g.
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Take some choice ¢ € D\{d(a)}. Then, we know by the claim that there is no constant preference
intensity between a and ¢, and hence there is a signed belief ¢ with a ~j ¢. As a =7 b, we know by
transitivity of 22* that ¢ =7 b. Since, by the previous cases, u represents 2Z* on {a,c} and {b,c}, it follows
that u(a, q) = u(c,q) > u(b,q). We have thus found a signed belief ¢ with u(a,q) > u(b, q).

Since d(a) = d(b) we know, by construction of the utility function « in (7.26), that the expected utility
difference between a and b is constant across all signed beliefs. As we have found a signed belief ¢ with
u(a,q) > u(b,q), we conclude that u(a,q") > u(b,q") for all signed beliefs ¢'. Since a = b for all signed

beliefs ¢’, we conclude that u represents 7~* on {a,b}.

Case 2.2.5.2. Suppose that d(a) # d(b). Then, we know by the claim that there is no constant preference
intensity between a and d(b), and also not between b and d(a). Since there is constant preference intensity
between a and d(a), but not between a and d(b) and not between d(a) and d(b), it follows by Lemma 7.6 (b)
that (i) Qg(a)~+d() is parallel to Q,«4()- In a similar fashion, it follows that (i) Qg(q)~+a(s) is also parallel
to wa*d(a)'

Moreover, since there is constant preference intensity between a and d(a), but not between b and d(a),
it must be, by transitive constant preference intensity, that there is also no constant preference intensity
between a and b. But then, since there is constant preference intensity between a and d(a) but not between
b and d(a), and not between a and b, it follows by Lemma 7.6 (b) that (iii) Qp+a(,) is parallel to Q4+p. By
combining (i), (i) and (iii) we conclude that Qu~xp, Qb~=d(a)s Qa(a)~*d(v) a0d Qq~+q(p) are all parallel.

Take a line [ of signed beliefs that cross each of these four parallel sets exactly once, and let qap, qya(a), d(a)d(v)
and q,q(p) be the signed beliefs on this line where the DM is “indifferent” between the respective choices.
As there is constant preference intensity between a and d(a), and between b and d(b), and since 7Z* satisfies
part (b) of four choice linear preference intensity with constant preference intensity, we know that gu is
uniquely given by the other three signed “indifference” beliefs.

Now, consider the conditional preference relation 2-*" induced by the utility function u. Since also 7Z**
satisfies part (b) of four choice linear preference intensity with constant preference intensity, and since, by
the previous cases, u represents =* on {b,d(a)},{d(a),d(b)} and {a,d(b)}, we know that gu, € Qgrup, and
hence u(a, qap) = u(b, gap). We have thus found a signed belief g, With gup € Qu~sp and gap € Qu(a)y—u(s)-

Since, by (7.26), the expected utility difference between a and d(a) is constant across all signed beliefs,
we know that (i) Qu)—u@p) is parallel to Qy)—u(d(a))- Since, by the previous cases, u represents Z* on
{d(a), b}, it follows that (ii) Qup)—u(d(a)) = Qb~*d(a)- Moreover, we have seen above that (iii) Qp-q(a) is
parallel to Qg+ By combining (i), (ii) and (iii) we conclude that Q(q)—u(s) is parallel to Qq~+p. Since above
we have found a signed belief gqp With gap € Qa~rp and gap € Qu(a)=u(p), it follows that Qu b = Qu(a)=u(v)-

Now, take some signed belief ¢ with b ~7 d(a). Since we are assuming that a - d(a) for all signed
beliefs ¢', it follows by transitivity of 22* that a =} b. As u represents =2* on {b,d(a)} and {a,d(a)}, we know
that u(a, q) > u(d(a),q) = u(b,q). We have thus found a signed belief ¢ with a =7 b and u(a,q) > u(b, q).
Since Qa~rb = Qu(a)=u(p) W€ can show, in a similar way as in the proof of Theorem 3.1, that u represents
~* on {a,b}.

Since we have covered all the possible cases, we conclude that u represents =* on every pair of choices
{a, b}, and thus u represents =* . Since Z* extends 77, it follows that u represents 7~ . This completes the

~o?
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