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Abstract. The prevailing approaches to modelling interactive uncertainty with
epistemic models in economics are state-based and type-based. We explicitly for-
mulate two general procedures that transform state models into type models and
vice versa. Both transformation procedures preserve the belief hierarchies as well
as the common prior assumption. By means of counterexamples it is shown that
the two procedures are not inverse to each other. However, if attention is restricted
to maximally reduced epistemic models, then isomorphisms can be constructed
and an inverse relationship emerges.

Keywords: belief hierarchies; common prior assumption; epistemic game theory; inter-
active epistemology; isomorphism; epistemic models; games; maximal reduction; possible
worlds; states; transformation procedures; types.

1 Introduction

In game theory it is fundamental to model interactive beliefs to capture the players’ rea-
soning about each other. It is assumed in full generality that a player holds beliefs about
his opponents’ choices, about his opponents’ beliefs about their opponents’ choices, about
his opponents’ beliefs about their opponents’ beliefs about their opponents’ choices, etc.
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Such infinite doxastic sequences can be formally expressed by the notion of a belief
hierarchy.

Initially proposed in the context of incomplete information by Harsanyi (1967-68), a
belief hierarchy of a player — in the case of strategic uncertainty (e.g. Boge and Eisele,
1979; Mertens and Zamir, 1985; Brandenburger and Dekel, 1993) — specifies a probability
measure about the basic space of uncertainty i.e. the opponents’ choice combinations
(first-order belief), a probability measure about the opponents’ choice combinations and
the opponents’ first-order beliefs (second-order belief), a probability measure about the
opponents’ choice combinations, the opponents’ first-order beliefs, and the opponents’
second-order beliefs (third-order belief), etc. Thus, a k-order belief fixes a belief about the
basic space of uncertainty and about each of the lower-order beliefs of the opponents. A
player’s belief hierarchy can be seen as the formalization of his entire interactive thinking
about the game. Different patterns of reasoning (e.g. common belief in rationality) can
then be modelled as conditions imposed on a player’s belief hierarchy.

Unfortunately, belief hierarchies are cumbersome objects due to their infinite na-
ture. However, there exist finite encodings of belief hierarchies that render them more
tractable. The standard way to represent belief hierarchies in a compact and convenient
way is due to Harsanyi’s (1967-68) seminal idea of types. Accordingly, a type induces
a probability measure on the opponents’ combinations of choices and types. Any belief
of higher order can then be derived. An alternative implicit description of belief hierar-
chies is based on the idea of states or possible words due to Kripke (1963) and Aumann
(1974). Any belief of higher order can be inferred from a player’s belief at a given possible
world about the worlds in combination with the players’ choices and beliefs at worlds.
The relation between the so-called type-based and state-based approaches to modelling
belief hierarchies have been investigated by Brandenburger and Dekel (1993) as well as
by Tan and Werlang (1992). They essentially show that hypotheses involving common
knowledge are preserved across these two epistemic frameworks.

We compare the type-based and state-based approaches to formalizing interactive
thinking from a broader perspective and provide two general transformation procedures
between type and state models. Belief hierarchies as well as the common prior assumption
are preserved by these procedures. In this sense the two different epistemic approaches
are equivalent. We then explore whether the two procedures constitute operational in-
verses to each other by means of an isomorphism. It turns out that they do not do so
unless attention is restricted to maximally reduced models which exclude the existence of
“superfluous” worlds and types, respectively. This insight emphazises that type and state
models actually exhibit some foundational differences despite their equivalence in terms
of preserving belief hierarchies and the common prior assumption. The underyling con-
ceptual reason lies in the distinct degrees of granularity: while the type-based approach
only respresents the players’ interactive thinking the state-based approach additionally
also fixes their choices.

We proceed as follows. Section 2 lays out the formal framework and notation. In
particular, type-based and state-based approaches to interactive epistemology are pre-
sented. In Section 3 we provide a transformation procedure (Definition 5) to convert state
models into type models. Belief hierarchies (Theorem 1) as well as the common prior as-
sumption (Theorem 2) are preserved. Then, in Section 4 our point of departure are type
models and we propose a second transformation procedure (Definition 6) to turn them
into state models. Again, preservation holds with regards to belief hierarchies (Theorem



3) as well as the common prior assumption (Theorem 4). While the general conclusions
of Theorems 1 and 3 about the structural conservation of belief hierarchies are likely to
be implicitly known in the game theory community, our purpose is, first, to render these
foundational insights explicit in an accessible way, and second, to provide concrete tools
to switch back and forth between state and type models. Section 5 explores structural
identities within a given epistemic framework. It turns out that the two transformation
procedures are not inverse to each other (Examples 1 and 2). By restricting to maximally
reduced models inverse relationships between the two operations then ensue (Theorems
5 and 6). Finally, some concluding remarks are offered in Section 6.

2 Preliminaries

A game is modelled as a tuple I' = (I, (C;,U;)ier), where I is a finite set of players, C;
denotes player ¢’s finite choice set, and U; : X;erC; — R constitutes player ¢’s utility
function, which assigns a real number U;(c) to every choice combination ¢ € x;¢;Cj.
In terms of notation, given a collection {S,, : n € N} of sets and probability measures
pn € A(Sy) for all n € N, the set S_,, refers to the product set X,,en\{n}Sm and the
probability measure p_,, refers to the product measure I1,,e N\ {n}Pm € A(S_p) on S_,.
Given a probabily measure p € A,,en(xS,,) on a product set, for the sake of simplicity
any marginal is also denoted by p if the intended usage is clear from the context.

Belief hierarchies can be inductively formalized as sequences of probability measures.
In the context of games, construct for every player i € I a sequence (X]*)nen of spaces,
where

and a belief hierarchy of player i is then defined as a sequence 7; := (9" )neN € Xnen (A(XZL))
of probability measures. For every level k& € N, the probability measure nf € A(Xf) is
called i’s k-th order belief. Note that

X7 =Cli x (Xjengy AXG)) x (Xjengy AXG)) x .. x (Xjengy AXG)

holds for all k£ € N.

The standard implicit representation of belief hierarchies in terms of types is due to
Harsanyi (1967-68). According to this epistemic approach the game-theoretic framework
— given by I — is enriched by a type-based structure.

Definition 1. Let I" be a game. A type model of I" is a tuple T = (T}, b;)ic1), where
for every playeri € I,

— T; s a finite set of types,



— b T, = A(C_; x T—;) is i’s belief function that assigns to every type t; € T; a
probability measure b;[t;] on the set of opponents’ choice type combinations.

A type t; of some player ¢ naturally induces a belief hierarchy:

miltd(c—i) == D biltil(cit-s)

t_,€T_;

for all c_; € X}, as well as

it (emimtynZi, - onyh) = > bilti](c—i t—:)
t_;€T_;mm' ,[t—i]=n', for all 1<I<k—1

for all (c_s,nt;n%,,...,n"; ") € XF and for all k > 2, where the sequence 7;[t;] :=
(NPt nen is called the t;-induced belief hierarchy of player i. The set H;[T'] := {n; €
Xnen(A(X?)) : there exists ¢; € T; such that n;[t;] = 1;} is called the T -induced set of
belief hierarchies of player i.

An alternative way to represent interactive thinking in games is based on the idea
of possible worlds — sometimes also called states — due to Kripke (1963) and Aumann

(1974). This epistemic approach employs a state-based structure as formal framework
added to I'.

Definition 2. Let I' be a game. A state model of I' is a tuple S = (2, (Z;, 04,7 )ic1),
where

— §2 is a finite set of all possible worlds,
and for every player i € I,

— I; C 292 is a possibility partition of 12,

— 0;: 82— C; is a Z;-measurable choice function,

— m € A(R2) is a subjective prior on £2 such that 7;(Z;(w)) > 0 for every world w € §2
with Z;(w) denoting the cell of T; containing w.

Belief hierarchies also naturally emerge in state models. Given some player i, a pos-
sible world w induces a belief hierarchy as follows:

i wl(ci) = > mi (W' | Zi(w))

w' €T (w)io—i(w)=c_;
for all c_; € X}, as well as
nf[w](cfia 77171'7 n%iv s 777]1;1)

= Z (W' | Z;(w))

w' €T (w)o_i(w)=c_in' ;[w]=n', for all 1<I<k—1

for all (c_;,nt,,n2%,, ... ,nlil_»l) € XF and for all k > 2, where the sequence 7;[w] =

(NPw])nen is called the w-induced belief hierarchy of player i. The set H;[S] := {n; €



Xnen (A(X])) : there exists w € 2 such that 7;[w] = 7;} is called the S” -induced set of
belief hierarchies of player i

By the Z;-measurability of o; the same choice for player i is assigned throughout an
information cell, i.e. 0;(w') = 0;(w) for all W’ € Z;(w). Every information cell P; € Z;
thus induces a choice 0;(P;) € C;, where 0;(FP;) := 0;(w) for all w € P;. Moreover, since
the belief hierarchies are constructed on the basis of posterior beliefs, it follows that ¢’s
belief hierarchies are also constant throughout his information cells, i.e. n;[w’] = n;[w]
for all ' € Z;(w).

The common prior assumption constitutes a frequently used premise in game theory.
Accordingly, all beliefs are derived from a single probability measure. The common prior
assumption formalizes the conceptual viewpoint that differences in beliefs are only due
to differences in information.

Within the framework of type models the common prior assumption requires the
probability measure of every type induced by the belief function to be obtained via
Bayesian conditionalization on some common probability measure on all players’ choice
type combinations.

Definition 3. Let I" be a game and T a type model of I'. The type model T' satisfies
the common prior assumption, if there exists a probability measure p € A( X jer (Cj x Tj))
such that for every player i € I, and for every type t; € T; it is the case that p(t;) > 0
and
plci,c—itist—;)

plci,ti)

for all ¢; € C; with p(c;,t;) > 0, and for all (c—;,t—;) € C_; x T—;. The probability
measure p is called common prior.

bilti](c—it—i) =

The preceding formalization of the common prior assumption is equivalent to the con-
junction of Dekel and Siniscalchi’s (2015) Definition 12.13 with their Definition 12.15 as
well as to Bach and Perea’s (2020) Definition 4.

In state models the common prior assumption simply postulates all subjective priors
to coincide.

Definition 4. Let I" be a game and ST a state model of I'. The state model ST satisfies
the common prior assumption, if there exists a probability measure m € A({2) such that
m; = for every player i € I. The probability measure 7 is called common prior.

3 Transformation of State Models into Type Models
The following transformation procedure converts state models into type models.
Definition 5. Let I' be a game, and ST a state model of I'. The tuple
(T3, bi)ier)
forms the ST-generated type model of I', where for every player i € I,

— T := {tf" : P, eI} is i’s set of types,



— b : Ty = A(C_; x T_;) is i’s belief function with
bilt! ] (e—i D7) = > mi({w} | P,

wEP;io_;(w)=c_;,Z_;(w)=P_;

for all (c_,, ) e Coy xT_; and for allt eT;.

In a nutshell, information cells are transformed into types and the types’ beliefs are
then given by the subjective priors conditionalized on the corresponding information
cells. Note that the type model generated by a given state model actually is unique.

It turns out that the transformation procedure laid out in Definition 5 preserves the
induced belief hierarchies of state models.

Theorem 1. Let I' be a game, ST a state model of I' with ST -generated type model
((T;,b:)icr) of I', i € I some player, and w € {2 some world. Then,

nilw] = n;lt7 ).

Proof. Tt is shown inductively that 7¥[w] = 7] Kt (w)] holds for all £ > 1. It then directly

follows that n;w] = (77 [w])nen = ([ ]) e = milt7 )]

First of all, observe that

= Z 7'('7;(&)/ | IZ((A)))

w'€Z;(w):o_;(w)=c_;

= Z Z mi (W' | Zi(w))
tP;i €T, w' €T (w):o_i(w)=c_i,T_;(w')=P_;
= > bltF et
t'_);ieT,i
Zi(w
=i [ )(e-)
forall c_; € C_;.
Now, suppose that n¥[w] = nF [tzi(w)} holds up to some k > 1. It then follows that

775“[ ](C—ivnl—iw"vnf)

- Z mi (W' | Zi(w))

W €T (w):o—;(w)=c_;n' ,;[w]=n', for all 1<I<k

/
= E E 71'1'(&) |I1(CU))
e ot 1 =0t for all 1<i<k @ €T (W)ioi(w)=e i T (W) =P
Il(w) P_;
= E bilt; J(e—it3")
tToieT b [ti)=n", for all 1<I<k

I w
= (eayny )

for all (c_s,n';,...,0",;) € XFHL. m



Also, the common prior assumption is maintained from state to type models.

Theorem 2. Let I’ be a game, and ST a state model of I' satisfying the common prior
assumption. Then, the ST-generated type model ((T;,b;)icr) of I' satisfies the common
prior assumption.

Proof. Define a probability measure p € A( icr (C; % T)) in the S”-generated type
model ((T},b;)ier) such that for all (c;,t7)icr € xier(Ci x T)

P((Ci7tfi)i61) - m(Nier P;), if cr,-(Pi.) =c; foralliel,
0, otherwise.

First of all it is established that p(t") > 0 holds for all t;* € T; and for all i € I.
P
Let t7 € T; and observe that p(t!) = 3 Foier Z(CJ)JUEX]EIC p((c],tj )jer) =
Yop ez, T(NjerPj) = n(F;) and since w(F;) > 0 it thus follows that p(tF") > 0 holds.
Next it is shown that for all 4 € I and for all t * € T;, the equation

P_;
p(cz,c_z,tf’nt 9)

. P c_q, P* —

holds for all ¢; € C; with p(ci,tfi) > 0, and for all (c_l,tp’ ) € C_; x T_; Note

; P;
that p(cl7 i ) Z P—7 eT_; ZC—q‘EC—i p((cj?tj )]GI) = Zweﬂzai(w):ci,lj(w)zpi 7T( mjel
Z;(w)) =w(P) >0 holds, if and only if, o;(P;) = ¢;. Thus, the following equation

p(Uz(PZ)7 C—i, t7Pl7 tf71)
p(oi(Pi)vtth)

has to be validated for all (c,27 ;) e Cy xT_; and for all t e T;.

Consider some P; € Z; and dlstlngulsh two cases (I) and (7).

Case (I). Suppose that P; N (Njen iy Ps) # 0 and ¢; = o;(P;) for all j € I\ {i}.
Then,

bilt! (e, t7) =

biltD (e, tT) = bilt] (o —i(Poi), t277)

)
- ) 7(w| P)

wEP;:0_i(w)=0_i(P_:),T_i(w)=P_;
= > m(w | P;)
WEP;:weP; for all jEI\{i}
_ m(OkerPr)
m(Pi)
_ m(NkerPr)
N Eﬁjezj for all jeI\{i}} m(Pin (ijI\{i}Pj))
_ p(aP)tf omi(Pui), th)
Sper, ploiP) o (P )




P(Ui(Pi),tfi,ff—i(Pfi)at]—D;i)
) o (P tF et

(c—i,t )EC i X T

B p(oq(P),ff) Loyt
p(a'i(Pi)vt?)

for all (c_l, ;) el xT,.
Case (II). Suppose that P; N (Njen (i3 P;) = 0 or ¢; # 0,(P;) for some j € I\ {i}.

Then, p(ai(P),tz Y tP’ ) = 0 holds by definition of p as well as b;|t; ](c,z,tP* ) =
w}Nk;

ZwePi:a,i(w):c,i,l,i(w):P,,y % = ZwEP wo_j(w)=c_;,T_;(w)=P_; ({OJ} ‘ ‘P%) =0.1It

directly follows that

Uz(Pz)7 i 707“th)
p(Uz a f%)

b 175 =2

for all (c_z, ;) el xT_,.
Therefore, the ST-generated type model ((T;,b;);cr) satisfies the common prior as-
sumption. [

4 Transformation of Type Models into State Models

Taking type models as input the following transformation procedure defines correspond-
ing state models.

Definition 6. Let I' be a game, and T' be a type model of I'. The tuple
(02,(Ti, 04, mi)ier)
forms a T' -generated state model of I, where
— = {wletidier . ¢; € Cy,t; € Ty for all i € T} is the set of all possible worlds,
and for every player i € I,
— I; C 29 isi’s possibility partition with
T (w(eatadiery .= {w(c“t"’cli’tli) eN:d,eC it ,eT;}

for all wleitidier €
— 0;: 82— C; is i’s choice function with

UZ( (('Mt 0—77t—7)) =

for all w(eitidier €
— m € A() is i’s subjective prior with

i (w(c,;,ti,c_i,t_i) |Ii(w(ci,ti,c_z,t_1))) = bifts](c_irt_s)

for all wlentic—it-i)jer ¢ (),



The transformation procedure generates a possible world for every combination of
choices and types of the players. An information cell is associated with a choice type pair
of a player and contains all worlds where the choices and types are varied for the oppo-
nents. The choice functions pick the choices of the players in line with the corresponding
worlds. Finally, the subjective priors are indirectly fixed via their induced posteriors.
The belief of a given player i about a world conditional on his information is defined
as his belief of the corresponding type about the opponents’ choice type combinations
attached to the world. Only varying i’s choices thus results in the same belief. Observe
that for every cell the conditional probabilty measures on the set of possible worlds do
indeed sum up to one and are well-defined.

A state model constructed by the transformation procedure based on the type model
7T is generally not unique, as the subjective priors can be varied. The possible multi-
plicity of generated state models ensues because of their richer structure compared to
type models. While type models only specify posterior beliefs, state models fix prior
beliefs and choices on top of (implicit) posterior beliefs. In terms of interactive thinking
this additional information is superfluous, and results in some ambiguity when deducing
a state model from a type model which constitutes a sparser formal representation of
interactive thinking. The ensueing freedom in constructing a 7' -generated state model
manifests itself in specifying the subjective priors. Only the engendered posterior beliefs
are required to coincide with the corresponding types beliefs in 77"

The transformation procedure yields the same induced belief hierarchies in the type
model of departure and its corresponding state models.

Theorem 3. Let I' be a game, and T' a type model of I' with some T -generated state
model ST of I', i € I some player, and t; € T; some type of player i. Then,

milti] = mfwletoemot=0]
for all (¢;,c—iyt—;) € C; x C_;y x T_;.
Proof. Tt is shown inductively that n¥[t;] = nFw(c-ti-c=it=)] holds for all (c;,c_i,t_;) €
C; x C_; x T_;, and for all k > 1. It then directly follows that n;[t;] = (0!'[ti])nen =

(77?[w(cz',tw—mt—i)])neN = m-[w(cz',tw—mt—i)] for all (¢;,c—i,t—;) € C; x C—y x T—;.
First of all, let (¢;,c—,t—;) € C; x C—; x T—; and observe that

m; [til(c”,)

= Z bilts (<", t";)

t,eT_;
— Z ﬁi(w(ciatucl,wt’,i) |Ii(w(ciytmc,,i,t/,i)))
t’_iETfi
— Z ﬂ-i(w(cﬂtiycl,wtl,i) |Ii(w(c7:,t7:70—7:,t—7:)))
tLiETfi

= Z 771' (w ‘ Ii(w(ci»tiac—iqt—i)))

w€eT; (w(ci’ti’c—i't—i)):a,i(w):c’

—1
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= ettt )L

holds for all ¢, € C_;.
Now, suppose that n¥[t;] = nF[w(¢ti-c=it=)] holds for all (¢;, c_;,t_;) € CixC_;xT_;
up to some k > 1. Let (¢;,c—i,t—;) € C; x C_; x T_; and observe that

k ;
771+1[t ]( C_is M- z""anii)

= > bilti)(c i ")

tLiET,i:nii[tLi]:nii for all 1<i<k

_ Z ﬂ,i(w(ci,ti,cl_i,tl_i) |L( (cirtisc”;, t’_l)))

' €Tyt [t ]=n', for all 1<I<k

— Z _(w(crntz',cl,wt',i) | Ii(w(ci;thcfi;tfi)))
t . eT_;mt [t ]=n', for all 1<I<k
for all (¢'_;,n%,;,...,n",) € XL
By the inductive assumption, it is the case n}[t;] = 7' [w (es:tse—ist=3)] for all j € I\{i},
for all t; € T}, for all 1 <1 < k, and for all ¢j,c_j,t_; € C; x C_; x T_;. Therefore,

= Z T (w(Ci,ti,Cl,wtl,i) | Ii(w(ci;thc—i;t—i)))

€Tt [t ]=n’, for all 1<I<k

= Z e (w’ | Ii(w(c“t“cf"’t*i)))

w’GIi(w(ci’ti’C*i’t*i)):nii[w’]:nii for all 1<i<k,0_;(w’)=c’

—1

= gt wlentic—t-D)(, b, k)

for all (¢ _1777_17-“’77]11‘)6Xf+1- |
The common prior assumption is preserved from type to state models, too.

Theorem 4. Let I' be a game, and T' a type model of I' satisfying the common prior
assumption. Then, there exists a T' -generated state model (2, (Z;, 04, m;)ic1) of I’ that
satisfies the common prior assumption.

Proof. Define a state model ({2, (Z;, 04, 7;)ics) of I' with the objects 2, (Z;,0;)icr as in
Definition 6, as well as with a probability measure 7 € A(§2) such that 7(w(cti)icr) .=
p((cisti)ier) for allwtdier € Q and m; = m for all i € I. By construction (12, (Z;, 04, m:)ie1)
thus satisfies the common prior assumption. Since

cirbi C_’ t/_7)) p(clvtlac—mt/ )

(
(oleisticlthy) (oCinti) = 7T(UJ = o— bt /
i | Ziw ) = T (Z; (wlesrtidier)) N p(cisti) = bilfil(ei. 1)

holds for all (¢_,,t" ;) € C_; x T—;, for all wleitidier € 2 and for all ¢ € I, the state
model ((£2,(Z;, m;, Uz’)z’el» also forms a 7! -generated state model of I. [ |
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5 Isomorphism

The transformation procedure in Definition 5 converts state models into type models,
while the one in Definition 6 moulds state moldels from type models. In terms of struc-
tural equivalence of epistemic models the question whether these two transformation
procedures are inverse to each other naturally emerges. We explore the relationship
between the two transformation procedures by means of isomorphism. Intuitively, two
epistemic models are isomorphic if they formalize the same interactive thinking. In our
context two issues need to be addressed. Firstly, it has to be determined whether a type
model is isomorphic to the type model generated via Definition 5 by the state model
which itself is generated via Definition 6 by the type model of departure. Secondly, it
needs to be established whether a state model is isomorphic to the state model generated
via Definition 6 by the type model which itself is generated via Definition 5 by the state
model of departure.

For the epistemic framework of type models the notion of isomorphism can be spelled
out as follows.

Definition 7. Let I be a game, and ((T},b;)icr) as well as <(TZ,Z~71)Z€]> be type models
of I'. The type models ((T;,b;)icr) and ((T;,b;)icr) are isomorphic, if for all i € I there
exists a bijection f; : T; — T; such that

b, [fi(t)] (c—s, f=i(t—i)) = bi[ti](c—i,t—s)
for all (c—;,t—;) € C_; x T—; and for all t; € T;.

Intuitively, in two isomorphic type models the same belief hierarchies are present — in
fact only their labels differ — and thus the described interactive thinking is alike. The
bijection in Definition 7 is essentially equivalent to the notion of type isomorphism due
to Heifetz and Samet (1998, Definition 3.2).

Take some type model 71" = (T}, b;);cr) as input and construct a type model 7T =
<(Tz7 52)16 1) as output by first applying Definition 6 to 77 and then Definition 5 to the
T -generated state model. It turns out that the isomorphic relationship does actually
not always hold between such input and output type models. To see this consider the
following example.

Ezample 1. Let I' be a game with I = {i, j}, C; = {a} as well as C; = {b,c}, and T a
type model of I" with

- T; = {t:},

|
3

Il
~—
~

<.
—

— b;[t;](a, t;) =
Then, (12, (Z;, 04, 7;)icr) with
— Q — {w(a7ti’b7tj),w(a7ti’c’tj)}’
- 7, = {2},
_ Ij — {{w(a,ti,b,tj)}, {w(a,t,,,c,tj)}}’
— mi(w) = 7j(w) = 3 for all w € £2,
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_ Ui(w(a,trnbij)) — gi(w(%tz‘,cij)) =a,

— O-] (w(avtivbvtj)) — b and o'j(w(avtivc7tj)) = c7
forms a 7' -induced state model of I". The (§2,(Z;, 0;,7;)icr)-induced type model of I’
is given by 71 = ((T;, b;)ier) with

~ (a,t;,bt;) wlatizets)
— Ty = {t?} and T; = {t!* o n,

bilt ] (b, ) = Do, (w)=b Ty ()=o) Ti(@ | {£2}) = 5 and
~ w(a,ti,c,tj)
biltf)(c, ! D) = S e torme - (o fwertiety To(w | {21) = 4
j(w)=c¢,Zj(w)={ }
~ (a‘ti,b,tj) ats )
[t N@:t2) = Y wcaowy—azi_qa) W | {w@ba)}) =1,
{02}
~ w(a,ti,c,tj) ats ot
o N@.t2) = Yoo wy—azi—qoy T | {w@tet}) = 1.

Since | T; |<| Tj |, there does not exist a bijection f; : Tj — T; and consequently 77
and 71 are not isomorphic. &

In the preceding example the input type model only contains one type for player 7,
yet there are two cells for him in the generated state model, which in turn imply two
corresponding types in its induced type model. It thus becomes impossible to construct
a bijection between the two type models. However, one of the two types in the output
type model is superfluous in the sense of interactive thinking, as it encodes precisely the
same belief hierarchy as the other type.

To remove any superflous ingredients from type models we now introduce the idea of
reduction.

Definition 8. Let I' be a game, and {(T;,b;)ic1) as well as ((Ti,gi)ie[) type models of
I.

(a) The type model is ((T~i,l~)i)i61> is a reduction of the type model ((T;,b;)icr) , if for
every player i € I there exists a reduction function r; : T; — T; such that r; is
surjective and

bi (ri(t:)) (e, Tp)senvgay) = bilts) ((Lesk %7 E0), ) (1)

for all (cj,fj)jel\{i} € xjej\{,-}(Cj,Tj) and for all t; € T;.

(b) The type model (T, b:)icr) is a strict reduction of the type model ((T;,b;)ic1), if
(T3, bi)icr) 1s a reduction of ((T;,b;)icr) and | T; |<| Tj | for some j € I.

(c) The type model ((Ty,b:)ier) is a maximal reduction of the type model ((T;,b;)ic1),
if {((Ti,0i)ier) is a reduction of ((T;,b;)icr) and there exists no strict reduction of
((Ti,bi)ier)-

Note that the reduction functions r; for all ¢ € I correspond to surjective type morphisms
of Heifetz and Samet (1998, Definition 3.2).
A couple of preparatory results about reduced type models are established next.

Lemma 1. Let I' be a game, TT a type model of T, TT a reduction of TT with reduction
function r; : T; — T for every player j € I, and i € I some player. Then, n;[t;] =
niri(t;)] for all t; € T;.
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Proof. Tt is shown inductively that n;[t;]* = n;[r;(t;)]* holds for all t; € T}, for all i € I,
and for all k > 1. It then directly follows that n;[t;] = (n7*[t:i])nen = (1 [ri(t:)])nenn:(ri(t:)]
for all t; € T; and for all i € I.

Let £k = 1 and consider some player ¢ € I, some type t; € T; of player i, as well as
some opponents’ choice combination c_; € C'_;. By definition,

niltd(c—i) = D biltil(coit ),

t_,€T_;

Moreover, as

bilri(t:)] (c—in ;) = Z bilti](c—i t—s),

t_ €T _ir—i(t—i)=t_;

it follows that

= > > biltil(cit) = D biltil(coi,t—i) = nj[t:] ().

o€l it €T _yir_i(t_i)=t_; t_€T_;

Let k > 2 and assume that n;[t;]" = n;[rs(t;)]" holds for all t; € T;, for all i € I, and
for all [ < k — 1. Consider some player ¢ € I, some type t; € T; of player ¢, and some
tuple (c_;,nt;,... ,775171) € X* .. By definition,

nzl'c [ti}(c—ia 771_1', s ,77’:1) = Z bi[ti](c_i, t_i).
t_;€T_;mm' ,[t—;]=n', for all I<k—1

Consequently,

0y [ri(t)]) = > bilri(ti)] (c—s t—:)

f_iG’f‘_i:nii[f_i]:nii for all I<k—1

- Z Z bilti](c—ist—s)

i_,eT it [i_i]=n', for all ISk—1t_;€T_sir_;(t_i)=t_;
= > bilts](c—i t—i) = > bilts](c—i 1)
ti€T_iin'  [r_i(t—i)]=n', for all I<k—1 t_;€T_;nt [t—;]=n' , for all I<k—1

= nf[ti}(c—ivnl—ia s 377—1_‘ )7
where the fourth equality follows from the inductive hypothesis. |

Thus, type models are structurally equivalent to their reduced counterparts. No essential
information is lost and the same interactive reasoning is represented. Lemma 1 follows
from Heifetz and Samet (1998, Proposition 5.1). Since their formal framework is slightly
different and to keep our paper self-contained, we still provide a direct proof.

Lemma 2. Let I’ be a game, T' a type model of I such that there exists no strict
reduction of TT, and i € I some player. Then, n;[t)] # n;[t!] for all t,,t! € T, such that
th At
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Proof. By contraposition, suppose that there exist ¢},¢/ € T; such that ¢, # ¢/ and
nilt;] = mi[t}]. For every player j € I recall the set H;[T"] := {n; € XnenA(X}) :
There exists t; € T such that n;[t;] = n;} of induced belief hierarchies in the type
model 7. Construct a type model T2 = ((Tj,b;)je1) where T; := H,[TT] for every

player j € I and

bilhs)(c—j, h—j) = > bj[ts)(c—j,t—;) (2)

t—j€T—jim—;[t—s]=h—;

such that n;[t;] = hy, for all (c_j,h_;) € C_; x T_;, for all h; € T}, and for all j € I.
Observe that the belief functions are well-defined, since every two types t;,t; € T} such
that n;[t;] = n;[t}] satisfy

> bjlt;](c—j,t—5) = > bi[t;)(c—j.t—5)

t—j€T—jm—j[t—jl=h—; t—j€T—jm—jlt—jl=h—;

for all (c_;,t_;) € C_; x T_j and for all h_; € T_;.
For every player j € I define a surjection r; : T; — T} such that

i (t;) = n;t;] (3)

for all t; € T;. By (2) and (3) it follows that

bilri (t))(c—j,t—5) = bilt;]({e—;} x rZj(E-5))

for all (c,j,t:j) € C_; x T,j, for all ¢t; € Tj, and for all j € I. Consequently, T
constitutes a reduction of 7. Since n;[ti] = n;[t/], it is the case that | T; |=| H;[T'] |<]
T; | for player i. Therefore, 7! actually is a strict reduction of 77 |

Accordingly, any two different types in an epistemic model without strict reduction
possibilities induce distinct belief hierarchies. In this sense, maximally reduced type
models do not carry any superfluous ingredients.

If the input type model and output type model of the successive application of the
two transformation procedures are considered in their maximally reduced form, then an
isomorphism does emerge between the input and output type models.

Theorem 5. Let I' be a game, T' a type model of I', and TT the type model of I' gener-
ated by a T' -generated state model. Then, every mazimal reduction of T' is isomorphic
to every mazimal reduction of TL.

Proof. Let i € I be a player and note that the set 7} from 7T can be expressed as
p(Cirty)
{tfi :t; € Ty, c; € C;}, where T; belongs to T1. Construct a correspondence e; :

T, — TZ such that
,\P‘(Ci’tz',)
ei(ti) = {ti ‘ NS Oz}
for all t; € T;. Thus, e; maps ¢’s types from the initial input model to the respective
types in the output model. Hence, by construction, T; = Uy, er;€;(¢;). By Theorems 3
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and 1 it follows that every t; € T; and every ¢; € T; such that #; € e;(t;) induce the
same belief hierarchy, i.e. n;[t;] = n;[t;]. Consequently, for every player i € I there exists
a collection of belief hierarchies H; C X,en (A(X[‘)) such that

Hi[TT) = H,[TT) = H,. (4)

Let Tf = <(T¢i,b¢i2i€[> be a maximal reduction of 77 and 7? = ((T1i,byi)ier) a
maximal reduction of 77'. By Lemma 1 and (4) it follows that H;[7,"] = H,[T"] = H; as
well as H; [Tlp |=H; [’fp | = H; for all i € 4. Moreover, Lemma 2 implies that two distinct

types in Tf induce different belief hierarchies. The same holds for 71F . Consequently,
for every player i € I and for every belief hierarchy h; € H; there exists a unique type
t; € T; € Ty; and a unique type t; € TA“ such that n;[t;] = ni[t:] = hs.

It follows that for every player ¢ € I a bijection f; : T); — T i can be defined such
that

nilt:] = mil fi(t:)] (5)
for all ¢; € T);. Besides, (5) implies that by;[f; (¢ )] (c—, f(t- )) = byi[ti](c_i,t_;) for all
(c—it—i) € C_y x T_; and for all ¢; € T);. Therefore, T|; and Tu are isomorphic. [ |

A type model can thus be said to be structurally equivalent to its two-fold transformed
counterpart modulo superfluous ingredients.

An notion of isomorphism can also be laid out for the epistemic framework of state
models.

Definition 9. Let I" be a game, and (§2,(Z;, 0;, 7;)icr) as well as (f), (fi, Fi,Ti)icI) State
models of I'. The state models ({2, (Z;, 0, 7;)ier) and (£2,(Z;, 6, 7i)ie1) are isomorphic,
if there exists a bijection f : 2 — (2 such that for all w € 2 and for all ¢ € I it is the

case that R
L) = /) & € Ti(w)}, (6)
7 ({F (@)} L(f@)) = m({w} | Tiw), (7)
5i(f()) = oi(w). (8)

In two isomorphic state models the corresponding worlds induce the same information,
posterior beliefs, and choices for all players. The subjective priors can be distinct yet
the models qualify as isomorphic, because the players’ belief hierarchies i.e. their full
interactive thinking are fixed by the posterior beliefs. A difference in priors is not a
relevant issue, as the posterior beliefs are the relevant doxastic mental configurations
upon which the agents act. In that sense subjective prior beliefs could be viewed as
artifacts of the state-based approach.

Take some state model ST" = (£2, (Z;, 04, 7;)ic1) as input and construct a state model
ST = (02, (Z;, 64, 7:)ier) as output by first applying Definition 5 to S” and then Definition
6 to the S'-generated type model. By counterexample it is now illustrated that such
input and output state models are not necessarily isomorphic.

Ezample 2. Let I' be a game with I = {i,j}, and C; = {a} as well as C; = {b} be
choices of 7 and j, respectively. Consider the state model S of I" with
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N = {UJhUJQ},
- I, =1; = {2},
— mi(w) =7j(w) = 5 for all w € 12,

— 0i(w) =a and gj(w) = b for all w € £2.
)

Then, TF = <(/—T’ubz)zel with

T = {47} and T, = (12},
- bi[tﬂ(b, tJQ) = ZweQ:o'j(w):b,Ij(w):{Q} mi(w [ {£2}) =1,
- b] [t‘;o](a@tlg) = Zwefl:o’i(w):a,zi(w):{ﬁ} W](w ‘ {Q}) = 17

constitutes the S -generated type model of I'. However, it directly follows that ((Z (fl, Giy i)ier)
with 2 = {w(ci’tl‘”’cj’t?)} forms the unique 7' -generated state model of I". Consequently,

there exists no bijection f : 2 — . The state models ST and ST are consequently not
isomorphic. &

In the preceding example the possible worlds w; and ws in the input state model ST
induce the same choices and beliefs for both players. In terms of interactive thinking
one of them thus is superfluous. These kind of redundancies prevent the isomorphic
relationship between input and output state models to hold in general.

We call a state model ST of I non-redundant, if for all w,w’ € (2 such that w # w’
it is the case that Z;(w) # Z;(w’) or o;(w) # o0;(w’) for some i € I. Intuivitely, any
two distinct worlds in the structure carry some difference for at least one of the players.
Observe that non-redundancy implies that N;erZ;(w) = {w} for all w € 2. Essentially,
the latter says that if the players’ information is pooled, then all uncertainty is resolved.

To get rid of any superfluous ingredients we also need a notion of reduction for state
models in addition to non-redundancy.

Definition 10. Let I" be a game, and (2,(Z;,04,7;)icr) as well as <!~Z, (Z,&i,fri)ig> be
state models of I'.

(a) The state model (12, (L;, G:, 7:)ic1) is a reduction of the state model (12, (Z;, 0i, T )ic1),
if there exists a reduction function r : 2 — §2 such that r is surjective and for all
1E€14

Zi(r(w)) = {r(w) : v € Zj(w)} for allw € 12, (9)

5i(r(w)) = oi(w) for allw € 2 such that 7j(w | Z;(w)) > 0 for some j € I\ {i},
(10)

T (&1 | Z; (r(w))) =mi(r (@) | Zy(w)) for allw € 2 and for all & € Q. (11)

(b) The state model (fl, (Z, G, Ti)icr) s a strict reduction of the state model (§2,(Z;, 04,7 )ic1),
if (2,(Z;,6i,7)icr) is a reduction of (2,(L;, 00, m)icr) and | 2 |<| 2.

(¢) The state model (2,(ZL;,5;,7;)icr) is a maximal reduction of the state model (12, (Z;, 03, m:)ic1).
if (2,(Z;,64,7)icr) is a reduction of (£2,(Z;, 04, m:)icr) and there exists no strict re-
duction of <f2, (Z,&i,ﬁi)ig},

Some results about reductions of state models are developed before an isomorphic
relationship between state models and their two-fold transformed counterparts emerges.
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Lemma 3. Let I be a game, and ST a state model of I'. If there exists no strict reduction
of ST, then ST is non-redundant.

Proof. We proceed by contraposition. Suppose that S’ is redundant. Then there exist
distinct worlds w’, w” € {2 such that Z;(w') = Z;(w") as well as 0;(w’) = o;(w”) for every
player i € I. Construct a state model S of I" as follows:

— =0\ {, W'} U{w}

and for every player j € I,

, 1fw,w"§§Ij( )
j(w*), otherwise,
=0;(w'),

(w) = oj(w) for all w € 2\ {w*},
W) = m@) +me”),

— and 7j(w) = m;(w) for all w € 2\ {w*}.

" for all w € 2\ {w*},

Define a function r : 2 — 2 by r(w') = r(w”) = w* and r(w) = w for allw € 2\ {w', "}
Observe that r is surjective and also satisfies conditions (9), (10), and (11). As | £2 [=|
2] —1<| £, the state model ST constitutes a strict reduction of ST [ |

Accordingly, maximal reduction in the sense of the impossibility of strict reduction im-
plies non-redundancy.

By considering maximally reduced models, the existence of superfluous worlds such
as in Example 2 is blocked and an isomorphic relationship between input and output
state models ensues.

Theorem 6. Let I' be a game, ST a state model of I', and ST q state model of I' gener-
ated by the ST -generated type model. Then, every mazimal reduction of ST is isomorphic

to every maximal reduction of ST.

Proof. Consider a maximal reduction S/ of 8" and a maximal reduction S L of ST The
set 2 from SAf is a subset of {w(ci’tizi(w)ief t¢; € Cyforalli € I,w € 2}, which is from
ST, and where (2 and Z; for all ¢ € I belong to Sf. It is first shown that for every world
w(c“ Dier € Q it is the case that ¢; = 0;(w), where o; belongs to SF for all i € I.

. ~(cs Ii(w)
Towards a contradiction suppose that there exists a world w(¢it:* Jicr ¢ (2 such that
¢; # 0j(w) for some player j € I. By definition of the two transformation procedures,

ﬁk(d)(c it 7 ier |I ( (Ciatizi(W))iEI))
— b, [tik(w)](c_k7t1—kk(w))

— Z T ({w/} | Ik(w))

w' €Tk (w):o_k(w)=c_p, T (W )=T_r(w)
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for all k€ I'\ {j}. Since ¢; # 0;(w) the Z;-measurability of o; implies that o;(w”) # ¢;
for all w” € Z;(w). Consequently, there exists no world w’ € Zj(w) such that o;(w’) = ¢;
and Z;(w') = Z;(w). It follows that m(w’' | Zx(w)) = 0 for all w’ € Zy(w) such that

o k(W) = c_g and T_g(w') = T_g(w). Thus, 7 (@t Dier | Z(@leti™en)) = ¢

~ ~ (w Zi(w)
for all k € I\ {j}. Next define a state model ST based on {2 := {w(‘”( )

A ~ Z;(w)
w € N} as set of all possible worlds and a surjection r : £ — 2 with r(O(Ht" Dier) =

Zi(w)
o (Ui(w),ti

ier

)iEI for all &t “Dier ¢ O such that for all i € I:

GO ) iery = oy(w) for all (7O

- T (r(@)) =={r@):a' € Z;(@)} for all (@) € £,
0; ) 5 )ieI c f?,

— ((IJ | Z(r(oﬁ)))) =7 (r (@) | Z(A)) for all @ € £2 and for all & € 2 .

Note that whenever 7; (& | Z;(&)) > 0 for some j € I\ {i}, it is the case that & € 2
hence &; (r(&)) = 6;(&) = 04(w), and thus equation (10) is satisfied. As | £2 |<| 2], the
state model ST forms a strict reduction of Sf , a contradiction.

N (w Zi(w)
Construct a function f : 2 — 2 such that f(w) := dz(gl( )

(ai (w),tiIi(w))

icr for all w € f2.

The function f is surjective, as for every world @ ier € (2 the pre-image

) Zi(w)
1 dj(m(w)’ti )iGI DO {w} contains {w} and is thus non-empty by the successive

application of the two transformation procedures, i.e. by first applying Definition 5 to
Sf and then Definition 6 to the Sf -generated type model to induce Sf . Suppose that

N 4 Zi(w’ iy L Zi(w!
fw) = f(w"), ie. a;(‘”(“ 1 ))iel = c{;(ai(w h >)i61, for some worlds w’,w” € (2.
Then, 0;(w') = 0i(w”) as well as Z;(w') = Z;(w") for all i € I. As S| is non-redundant
by Lemma 3, it follows that w’ = w”. Hence, f is injective too and thus bijective.
We now show that the bijection f satisfies equations (6), (7), and (8) of Definition

10. First, observe that
Zi(w
7(f(w) = T @)

jez)
%aeﬁ;m@q:m@xzquzwn

= {f(W) 1 0i(w) = 0i(w), Li(w') = Ti(w)} = {f (') : & € Ti(w)}
for all w € 2 and for all i € I. Therefore, f satisfies equation (6). Second, 6;(f(w)) =
(@15
(7). Third,

(w!
— {@("J‘(w'%t?( :

iel) = gy(w) for all w € 2 and for all ¢ € I. Hence, f satisfies equation

Zj(w)

w2 (@) 1 E(F@)) = (05 ser | £, (7))
( ) = (

(@98 e 2,095 )

(2

= b, [t7 ) (oi(w), 7))
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= > mi({w'} | Ti(w))

w' €T (w)io_i(w)=0_;(w),T—;(w)=T_;(w)

= > mi({w'} | Zi(w))
W eNLi(w)=Li(w),0:(w')=0i(w),0—i(w)=0_i(w),I_i(w)=T_i(w)

(o (@) )

=m(f 1w i€1) | Zi(w)) = mi({w}) | Zi(w))
for all w € £2, and for all ¢ € I. Thus, f satisfies equation (8).
Consequently, S and S | are isomorphic. [ |

Hence, a state model is structurally equivalent to its two-fold transformed counterpart
modulo superfluous ingredients.

6 Conclusion

Belief hierarchies as well as the common prior assumption are structurally preserved
across the two epistemic frameworks by the two proposed transformation procedures.
With regards to modelling interactive thinking in games the state-based and type-based
approaches can thus be viewed as equivalent. None of the two models thus contains any
relevant structure that the respective other lacks. The two transformation procedures can
be viewed as practical tools to switch back and forth between state-based and type-based
interactive epistemology.

A somewhat more subtle difference between the two epistemic approaches surfaces,
as the transformation procedures fail to constitute inverses. The underlying reason is
attributable to the richer structure of state models compared to type models. While the
latter only specify interactive thinking the former also fixes the players’ choices. Once
superfluous ingredients are wiped out, by restricting attention to maximally reduced
models, the two transformation procedures turn out to be inverse to each other .

While this disparity between the state and type models does not make a difference
with respect to interactive thinking at all, the particular usage could determine which
epistemic approach is more appropriate. If the focus is put on reasoning in games before
decisions are made or the perspective of a particular player is considered, then type
models might be more suitable. In contrast for analyses that are conducted from the
perspective of a modeller the state-based framework may be preferable. After all there
remains a degree of subjectivity whether the specifaction of beliefs only or beliefs and
behaviour is desired in an epistemic framework for games. Besides, the notions of maximal
reduction for state and type models can also serve to simplify a given epistemic structure
while retaining the same interactive thinking in applications.
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